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Suppose ...

... a town should be connected to cable TV. As usual, di�erent
residents have di�erent valuations for being connected. These
valuations are only known to the individual residents. We donot
necessarily want to connect all agents to the service but maybe
only a subset depending on the valuations of the agents and the
cost for building the network that connects them to the service.
The cost for connecting a subset of the agents is described bya
known functionC : 2N ! R+ , whereN is the set of all residents.

For which subset of the agents should we build the service (to
achieve which objective)? { How can we motivate the agents to
tell the true valuation? { We need more details ...
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General setup

there is a setN of n agents suitable for a service
each agenti 2 N can receive a service or not (xi = 1 or xi = 0)
for agent i , receiving the service has valuevi � 0, receiving no
service has value 0 (vi is a secret of agenti )
the cost for building the service for a subsetS � N of the
agents isC(S), whereC : 2N ! R+ with C( /0) = 0 and
C(S) � C(T ) for S � T � N.

Agents have to pay for the service, that is, if agenti receives the
service (i.e.,xi = 1) then his payment ispi , else 0. Given a
valuation vectorv, a mechanismcomputes an allocation (x;p).
Agents aim at maximizing theirindividual welfare (utility)

wi = xi (vi � pi ) :
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Our goal is to design mechanisms in such a way that the dominant
strategy for each agent is truthtelling.

Strategyproofness

A mechanismM is strategyproofif is satis�es the following condition
for everyi 2 N. Let v = v1; : : : ;vN denote the valuation vector, and
let v0= v0

1; : : : ;v0
N be any vector withv0

j = vj for all j 6= i . Let (x;p)
and (x0;p0) denote the allocations computed byM for v and v0,
respectively. Strategyproofness requires

vi xi � pi � vi x0
i � p0

i :

(In other contexts,strategyproofnessis also calledtruthfulnessor
incentive compatibility.)
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A stricter variant of strategyproofness requires that agents do not
even have an incentive to lie if they form coalitions.

Group-strategyproofness

A mechanismM is group-strategyproofif it satis�es the following
condition for every subsetT 2 N. Let v = v1; : : : ;vN denote the
valuation vector, and letv0= v0

1; : : : ;v0
N be any vector withv0

j = vj

for all j 6= T . Let (x;p) and (x0;p0) denote the allocations computed
by M for v and v0, respectively. Group-strategyproofness requires
that if the inequality

vi xi � pi � vi x0
i � p0

i

holds for alli 2 T then it must be an equality for alli 2 T as well.

In words, if no member of a coalitionT is made worse o� by
changing fromv to v0, then no member ofT is made better o�.
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Conditions that a mechanism should satisfy

No Positive Transfers (NPT): pi � 0, for all i 2 N

Voluntary Participation(VP): wi � 0, for all i 2 N

Consumer Sovereignity (CS): regardless which valuations
the other agents report, for every agenti there is a value
d 2 R � 0 such that she would get the service when reporting
that her valuation isd

An important consequence of CS is that the naive mechanism that
never serves any agent (i.e., always returnsx = 0) is not permitted.
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Objectives

When designing a mechanism, we could follow the following
objectives:

E�ciency: maximize social welfareå i 2N xi vi � C(x).1

Budget Balance: cover the cost, i.e.,C(x) = å i 2N pi .

It is known that a strategyproof mechanism cannot achieve both of
these objectives simultaneously. In the following, we present the
marginal cost mechanismthat achieves e�ciency and a family of
cross monotone cost sharing mechanismsthat yield budget balance.

1C(x) abbreviatesC(f i 2 Njxi = 1 g).
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The marginal cost mechanism

Given a vector of reported valuationsv, let W (v) denote the
maximum welfare that can be achieved by serving any subset of
the agents. A subset of the agents is callede�cient if it yields
social welfareW (v). The marginal cost mechanism (MC) chooses
an e�cient set S and sets

xi =
�

1 if i 2 S
0 if i 62S

pi =
�

W (vj i 0) � (W (v) � vi ) if i 2 S
0 if i 62S

wherevj i d = ( v1; : : : ;vi � 1;d;vi +1 ; : : : ;vn), for any d 2 R � 0.
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MC satis�es NPT, VP, and CS

NPT can be seen as follows. Leti 2 S. We need to show that
the paymentpi = vi xi � (W (v) � W (vj i0)) is non-negative.
This follows from

W (v) = å
i 2S

vi � C(S) � vi + å
j 2Snf i g

vj � C(Snf ig) � vi + W (vj i 0)

becauseW (vj i 0) corresponds to the maximum welfare
achievable over the set of agentsN n f ig.

VP follows fromwi = vi � pi = W (v) � W (vj i 0) � 0, for i 2 S.

CS follows as MC selects the agents in an e�cient setS. Fix
all declarationsvj , j 6= i . There is a thresholdt such that
every e�cient solution containsi whenvi > t .
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Strategyproofness of MC

Theorem 1: MC is strategyproof.

Proof: First, assumei 2 S when bidderi reports her true
valuationvi .

In this case, reporting a higher value does neither a�ectxi nor
pi , and hence the welfare ofi does not change.

When decreasing the reported valuation,xi might be set to 0.
In this case the welfare of the agent is 0. However, when
telling the true valuation the value is at least 0 because of VP.
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Strategyproofness of MC { cont.

Now assumei 62S when bidderi reports her true valuationvi . In
this case, decreasing the reported valuation can obviouslynot help.
In order to achievexi = 1 bidder i must increase its reported
valuation. Lett � vi denote the threshold such that reporting a
valuation less thant impliesxi = 0 and reporting a valuation larger
than t impliesxi = 1. Observe thatW (vj i t ) = W (vj i 0) (� ). If
bidder i increases her reported valuation tod > t , then her
payment is

p0
i = d� (W (vj i d) � W (vj i 0))

= d� (W (vj i t ) + ( d� t ) � W (vj i0))
(� )
= t :

Hence, the welfare of agenti is vi � p0
i = vi � t � 0.

�
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Remark about MC

MC is the only strategyproof mechanism that yields e�ciencyand
satis�es the conditions NPT, VP, and CS. This has some
interesting consequences.

It is not di�cult to construct an example in which MC is not
budget balanced. Thus, e�ciency and budget balance cannot
be achieved simultaneously.

Furthermore, one can also construct an example for which MC
is not group-strategyproof. Hence, group-strategyproofness
and e�ciency can also not be achieved simultaneously.
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Example: Multicast cost sharing

Some nodes in a computer network (e.g. the Internet) should be
connected to a multicast tree (e.g. for a video transmission).

The network is described by a directed graphG = ( V ;E) with
a sources 2 V and terminalst1; : : : ; tn 2 V .

Each terminalt i is managed by a sel�sh agenti 2 N whose
secret valuation for being connected with the sources is
denotedvi .

An e�cient subset of the terminals should be connected to
the source.

There are di�erent alternatives for de�ning the cost function
depending on how the multicast trees between the source and the
terminals are build.
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Example: Multicast cost sharing { cont.

Steiner tree model:

Each edgee 2 E comes with some costc(e).

For S � N, let T (S) denote the min-cost Steiner tree
connecting the sources with the terminals of the agents inS.

The cost for serving a subset of agentsS is thus
C(S) = c(T (S)) = å e2T (S) c(e).

MC computes a setS maximizing social welfareå i 2S vi � c(T (S)).
Then, for eachi 2 S, it computes a setSi maximizing social welfare
over the agentsN n f ig. The payment charged to agenti 2 S is

pi = vi �

 

å
i 2S

vi � c(T (S))

!

+

 

å
i 2Si

vi � c(T (Si ))

!

:
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Example: Multicast cost sharing { cont.

The obvious computational bottleneck in the Steiner tree cost
model is that MC has to solve several instances of the NP-hard
Steiner tree problem. In practice, however, multicasts areoften not
build in form of general Steiner trees but the terminals can be only
connected using paths that belong to the shortest path tree rooted
at the source, which can be computed by a simple BFS. If the set
of allowed multicast trees is restricted to subtrees of a given tree
then the computational complexity for MC decreases signi�cantly.

Berthold V•ocking Lecture Notes: Cost Sharing in Network Design Problems



Introduction
Maximizing E�ciency: The Marginal Cost Mechanism

Cross Monotone Cost Sharing Mechanisms

Example: Multicast cost sharing { cont.

Shortest Paths Tree Model:

We are given a rooted treeT = ( V ;E) with cost function
c : E ! R � 0.

The root of T is the sources and, w.l.o.g., the leaves
correspond to the terminalst1; : : : ; tn. For simplicity in
notation, we identify the set of leaves with the set of
agentsN.

For a subsetS � N, the cost for connectingS is the cost of
the unique minimal subtree connectings with the leaves inS.

The social welfare of a given setS can now be easily computed in
linear time. But how can we e�ciently identify the setS that
maximizes the social welfare?
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Example: Multicast cost sharing { cont.

The optimal social welfareWv of an internal nodev 2 V nN can
be computed recursively by the following formula

Wv = å
v02� + (v)

�
Wv0� c((v;v0))

�
;

where �+ (v) denotes the children ofv with positive contribution
to the social welfare, that is,

� + (v) = f v02 V jv0 is child ofv and Wv0 > c((v;v0)g :

The maximum social welfare that can be achieved is thusWs. This
value can computed by one bottom-up pass through the treeT .
The set of welfare maximizing terminalsS (and their payments)
can then be computed by another top-down pass. (How?)
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Cross monotone cost sharing mechanisms

Cost Sharing Method

A cost sharing methodis a formulax associating to each subset
S � N of agents an allocation of total cost among these agents in
the form of nonnegative cost sharesxi (S), that is,

xi (S) � 0, for all S � N and i 2 S,

xi (S) = 0, for all S � N and i 62S, and

xS(S) = å i 2S xi (S) = C(S).

The budget balanced mechanism that we build is based on a
suitable cost sharing methodx: The mechanism selects a setS of
agents receiving the service. Fori 2 S, xi (S) is the cost share ofi ,
i.e., the payment ofi for the service.
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Cross monotone cost sharing mechanisms { cont.

Cross Monotonicity

A cost sharing methodx is calledcross monotoneif agent i 's cost
share cannot increase when the set of agents receiving service ex-
pands, that is,

S � T ; i 2 S ) xi (T ) � xi (S) :
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Cross monotone cost sharing mechanisms { cont.

Given a cross monotone cost sharing methodx and a valuation
vector v, we can compute a Nash equilbrium allocation using an
iterative tatonnement process as follows.

Tatonnement process

Set S0 = N and, for t = 1 ;2; : : :, compute

St = f i jvi � xi (St � 1)g :

The process terminates when reaching a setS = St such that, for
all i 2 S, vi � xi (St ), that is, St = St +1 .
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Equilibrium property of the mechanism

Lemma 2: The setS found by the tatonnement process is a Nash
eqilibrium.

Beweis:

No agenti 2 S wants to leaveS becausevi � xi (St ).

No agenti 62S wants to enterS = St because it left a setSt 0

with t 0< t so that

vi < xi (St 0) � xi (St [ f ig) ;

where the latter equation follows fromSt [ f ig � St 0 and the
cross monotonicity ofx. �
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Group strategyproofness of the mechanism

A closer look at the tatonnement process shows thatS is even a
strong equilibrium, i.e., there is no group of agents that can
deviate in a manner which is pro�table for at least one member
and not disadvantageous for the others. As a direct consequence,
we obtain the following result.

Theorem 3: The tatonnement process based on a cross monotone
cost sharing methodx is budget balanced and group-strategyproof.

It is easy to check that the conditions NPT, VP, and CS are
satis�ed as well.

Berthold V•ocking Lecture Notes: Cost Sharing in Network Design Problems



Introduction
Maximizing E�ciency: The Marginal Cost Mechanism

Cross Monotone Cost Sharing Mechanisms

Submodularity of the cost function

The question that we have not answered until now is how to derive
a cross monotone cost sharing methodx. To do this, we need that
the given cost function satis�es the following property.

Submodular cost functions

A cost functionC : 2N ! R is submodularif for all S;T � N

C(S\ T ) + C(S[ T ) � C(S) + C(T ) :

At this point, let us remark that the negative results about e�cient
mechanisms on page 13 also hold when assuming submodular cost
functions.
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Submodularity of the cost function { cont.

A more intuitive description of submodularity is that the marginal
cost C(S[ f ig) � C(S) of adding agenti to a set S of other
agents does not increase when the set expands. More formally:

Lemma 4: A cost functionC is submodular if and only if for all
S � T � N and i 2 N nT

C(S[ f ig) � C(S) � C(T [ f ig) � C(T ) :

We leave the proof of this lemma as an exercise.
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Submodularity of the Multicast-Problem

Submodularity seems to be a quite natural condition. Nevertheless,
not all problems satisfy this conditions.

10

10

t

t

t

s 2

3

3

4

1 For example, the multicast problem in
the Steiner tree model does not necessar-
ily have a submodular cost function. The
picture on the left shows a counterex-
ample withC(f t2g[ f t1g) � C(f t2g) = 0
and C(f t2; t3g [ f t1g) � C(f t2; t3g) = 3.

In the shortest path tree model, however, the cost function is
submodular. (Why?)
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Building a cross monotone cost sharing method

Fix any permutationp : f 1; : : : ;ng ! f 1; : : : ;ng. For S � N and
i 2 N, let

Sp(i ) = f j 2 Sjp� 1(j ) � p� 1(i )g :

In words,Sp(i ) contains i and all elements fromS that p lists
beforei . We set

xi (S) = C(Sp(i )) � C(Sp(i ) n f ig) :

In words, the cost share of agenti in S corresponds to her
marginal cost assuming that the agents are added in the order
described byp. Lemma 3 directly implies:

Observation 5: If the cost functionC is submodular, then the
constructed cost sharing methodx is cross motonone.
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The Shapley value mechanism

Instead of de�ning the cost share wrt a particular permutation, the
Shapley value mechanism (SV) de�nes the cost shares by
averaging over all permutations, that is,

xi (S) =
1
n! åp

C(Sp(i )) � C(Sp(i ) n f ig)

SV has various remarkable properties like fairness and e�ciency.
For example, it is the most e�cient budget balanced and
group-strategyproof mechanisms, i.e., it achieves the largest
e�ciency among all budget balanced and group-strategyproof
mechanisms.
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SV for multicast cost sharing

The formula for the SV cost shares looks quite forbidding. For the
multicast problem in the shortest path tree model, however,there
is a much simpler and intuitive description of the SV cost shares:
Consider a subsetS of the terminals that should be served. The
SV cost shares can be computed by distributing the cost of every
edgee evenly among the terminals fromS belowe. (Why?)

Obviously these cost shares can be computed in polynomial time.
Consequently, the tatonnement process runs in polynomial time as
well. Thus, the SV mechanism has an e�cient implementation for
the problem of multicast cost sharing in the shortest path tree
model.
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