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Abstract—In this paper we study an idealized model of load Petrova [5] have noted that both the first and second problem
balancing for dynamic spectrum allocation (DSA) for secondry  may be open to flash crowd effects in the context of CRs. Some
users using only local information. In our model, each agents osaarchers have doubted if the dynamic spectrum allotatio
assigned to a channel and may reassign its load in a round base . . . .
fashion. We present a randomized protocol in which the actins for seco_ndary users is possible if those are using only local
of the agents depend purely on some cost measure (e.g., latgn information, and the number of users and channels becomes
inverse of the throughput, etc.) of the currently chosen chanel. extremely large. In this paper, we study this problem in an
Since agents act concurrently, the system is prone to oseitions. gpstract model.

We show how this can be avoided guaranteeing convergence |, nrinciple, we want to find out if it is theoretically poskib
towards a state in which every agent sustains at most a certai . . : .
threshold cost (if such a state exists). We show that the sgsh (O design an algorithm that uses only local information to
converges quickly by giving bounds on the convergence time achieve dynamidalancedspectrum allocation for secondary
towards approximately balanced states. Our analysis in théluid  users. Here, we expect simply that the problem of detecting
limit (where the number of agents approaches infinity) holdsfor  primary users and blocking those channels from the allonati

a large class of cost functions. We support our theoreticalrzalysis game is solved by some CR-technology. We want to pose

by simulations to determine the dependence on the number 3. L . . .
of agents. It tumns out that the number of agents affects the thiS question in theoretically general form without refyion

convergence time only in a logarithmic fashion. The work shas ~ SPecific transmission technology or network topology msedel
under quite general assumptions that even an extremely lagg Such details are left for the future work, which needs to ogly

number of users using several hundreds of (virtual) channel simulations instead of an analytical approach chosen fsr th
can work in a DSA fashion. work. We use cost function based optimization. Each cogmiti
radio, calledagentin the following theoretical discussion, has
a thresholdT; such that the agent is satisfied as far as the
The radio spectrum is a finite and especially under 3 GHtost of communications is below that. The cost might be for
scarce resource that needs to be used efficiently. Cogniteseample interference, delay, inverse of bit-rate or waight
radio (CR) technology is emerging as an opportunity to enaldlombination of those. In this paper we consider a simplified
dynamic and real-time spectrum access. The cognitive radimse of7; = ¢ for all users, in order to have analytically
paradigm was originally introduced by Mitola [1]. Recentlytractable solutions. Hence, we have in general a resource
efforts have been made to model opportunistic spectrunrsaccallocation game that must be solved under the described
and solve the channel allocation in a cognitive radio emsroconstraints. We will show that there is indeed a possibility
ment using a game theoretical approach, see [2], [3], [4] &s approach a state at equilibrium quickly, and the criticis
examples. We believe that there are, in fact, two separate-chagainst secondary user allocation does not hold in all cases
nel allocation problems related to cognitive radio netvgorkorder to keep the work analytical and general enough, we will
The first and obvious one is the much studied problem faot choose a single specific cost function but we will work
the secondary users to detect spectrum opportunities that &ith a class of cost function§Ve will later make a simplified
opened by the non-transmitting primary users. In this ch®e, simulation model, where linear cost functions are used, and
secondary users need to find out the spectrum opportunitisere the cost of the communication is related to number of
and decide how to use them. Second, there is a probleaygnitive radios on the same channel
which of the available channels secondary users can select.
If DSA techniques provide an increasing amount of spectrufa Dynamic Load Balancing

for secondary users there is still need to use these resasce QOyr scenario can be modeled as a so-catlells and bins
eﬁ|C|enFIy as possible. The distributed load balancingopgm problem [6], [7] wheren balls representing the agents are
thus arises.

We have noticed the secondary spectrum allocation andThis is loosely justified simplification due to the fact thatder perfect
spectrum smoothing problem as a part of our practic_%gheduhng 'an'd equal traffic mod_els for every agent eaqh|t|>qgﬂad|o \_Noulq
. | tati iect i hich we are with the Sem.mtroduce similar amount of traffic. Moreover each radiol wiloduce in this
Implementation project, in- wni w wi It'oy-model an increased interference level, naturally itheakity does not hold

realistic deployment of cognitive radio networks. Makarand exactly in realistic cases.

I. INTRODUCTION



assigned tan bins representing the resources, i.e., channdéctor o by which our protocol is slowed down in order to
of the radio spectrum. In this work, we assume that the numtamid such effects.
of balls n approaches infinity. Each ball strives to reduce In order to guarantee convergence, we show that it is
its sustained cost determined by the number of balls sharisgfficient to seta to the maximum elasticity of the cost
the same bin to a threshold @f or below. The balls have functions. For example, if the cost functions are linearha t
only local information, i.e., only the value of the sustalneload, the elasticity is one and the protocol does not havesto b
cost is available. Furthermore, the balls are memoryless slowed down at all.
that they cannot remember previous states or decisions. N&ubsequently, we give bounds on the time of convergence.
communication between the balls is necessary. Consideridge to the fact that we consider the fluid limit, the load on
a parallel and round-based model, all balls are allowed tesources with cost aboVE will decrease exponentially fast,
migrate concurrently in each round. A very natural way tbut it will never actually reach zero. Therefore, we consttie
obtain an allocation at which each ball sustains cost at ffipsttime of convergence in terms of approximate equilibria. &or
is to follow Protocol 1, which is described later in this el¢i precisely, we definé-Nash equilibria as states in which no
We have studied this problem in the discrete case earlieragent sustains cost of more th@n+§)7". Here, we present the
[8]. following two upper bounds on the time to reach approximate

Our protocol can be described in a simple way. /et equilibria in this sense, stated in Theorems 8 and 9.
denote a common threshold such that an agent is satisfied iAs a first result we show that the time to reach such
its sustained cost is at mast Agents are activated from timean approximately balanced state is bounded linearly in the
to time and perform the following step if their sustainedtcosiumber of resources: and logarithmically in the approxi-
exceedsT'. Let the cost of the currently chosen resource beation parametep (and, of course, in the damping factor
denoted by’ and letp = (¢ — T') /¢ denote the relative factor o). If m is large, this does not give a suitable convergence
by which the threshold is exceeded. Then, with probabjlity time, and our second bound may be more applicable. This
the agent migrates from its currently used resource to a neacond bound is particularly useful if the capacities of the
resource chosen uniformly at random. This simple protagolindividual resources do not differ too much, as is typically
executed by all agents in parallel. the case in many applications. This bound is proportional to

The protocol has a number of appealing properties. Fiftdie ratio between maximum and minimum capacity and the
of all it is extremely simple. In particular, the protocolies approximation parametey. This shows that the convergence
purely on local information. Its execution requires meritlg time is almost independent of the system size.
measurement of the current cost which can be performed affhe above bounds rely on the assumption that the cost
various layers of the protocol stack. Furthermore, it doats nof empty resources i§. If this is not the case, we cannot
require any coordination among the individual agents arint guarantee that the cost of a resource actually decreases,
action with some centralized authofityin particular, it can eventually reaching a value beldw+6)7', when agents retreat
be executed concurrently such that, sublinear converganee from this resource. Hence, we introduce a second concept of
becomes possible. The protocol is also stateless, i. eaeis dapproximate equilibria, in which we also allow asfraction
not rely on any information about the past and is hence selfthe agents to deviate by more than a factoflof- §) from
stabilizing. As long as the system does not become overthad€'. For general cost functions we show that the time to reach
joining and leaving agents can be handled smoothly. an equilibrium of this type is bounded linearlyn, 1/6, and

1/e.

B. Our Results and Outline Finally, we underline our theoretical results in the fluidhik

. . . bg some experiments for the case of finitely many agents. Our
Our theoretic analysis of the load balancing process assum : L .
simulations indicate that the number of agents in the system

the so-called fluid limit model, in which we have an inﬁniteaﬁects the time of converaence onlv in a loaarithmic fashio
number of agents. We first show that for any thresholabur 9 y 9
algorithm converges towards a state where all agents susigi Related Work

a cost of no more thar" (if such a state exists, i.el’ Protocols similar to the one we are considering here have
1S chosen to benla.rge enough). In such a state, the SYSI8En studied in different models and under various assump-
is at Nash equilibrium. In order to guaranteg this propert%ns' All of the protocols mentioned below operate by using

the agents must not be too greedy. In particular, if agerﬁ?ore knowledge than just the cost of the currently chosen

migrate with large probability already, when the threShOIHesource. They present analyses for discrete models with a
is exceeded by only a small amount, this will not lead t

g . ad hite number of users, but with restricted classes of cost
a stable behavior, but rather to overshooting and Osuhat'functions

effects. How aggressively the agents may behave depends_ %Bven-Dar and Mansour [9] consider concurrent protocols
the steepness of the cost functions. We introduce a dampmga setting with linear cost functions. Their protocolsuig

5 - o global knowledge in the sense that the users must be able to

We only assume (weak) timing synchronization so that agearisexecute d . h f underloaded d loaded links.rGi
algorithms at the same time. This time synchronization miighprovided by e.termme the set of underloade a.n O_Ver oaded fin S-. 'V.e
the system already due to communication protocol needs. this knowledge, the convergence time is doubly logarithmic



in the number of players. The protocol presented in [10] doefasticity The elasticity of a functionf at x is defined as
not require this knowledge. The authors consider a digeibu f/(z) 2/ f(x).

protocol for the case that the cost equals the load that doe®efinition 1: A function f : R2? — R is d-elasticity

not rely on this knowledge. The protocol operates by sargpliboundediff for all = € R it holds that f/(z) z/f(z) < d.

a target resource and migrating with a probability depegdimt haszero offseif f(0) = 0.

on the projected gain. Their bounds on the convergence timeThroughout this paper, we assume that foriat [m], ¢;

are also doubly logarithmic in the number of players bug d-elasticity bounded. The zero offset property is necessary
polynomial in the number of links. Furthermore, the anaysbnly for the first part of Theorem 8.

assumes that all resources have identical linear costi@m®ct | et us illustrate these requirements by considering thneug

These results can be generalized to the case of weighigd as a utility measure and the reciprocal of the throughput
jobs [11]. In the latter case, the convergence time is onf a cost measure. If the throughput is roughly proportional
pseudopolynomial, i.e., polynomial in the number of userg 1/, and a constant depending on the SNR wherés the
links, and in the maximum weight. load of resource, then the cost functions are roughly linear.

Finally, Fotakisetal. [12] consider a scenario with costThe elasticity of a linear function i$ and we havel = 1.
functions for every resource. Their protocol involves locaor positive polynomial cost functions of degrpenve have
coordination among the players sharing a resource. For the p.

family of games in which the number of players asymptoticall Fqr cost functions with bounded elasticity, the following
equals the number of resources they prove fast convergencgykt holds:

almost Nash equilibria. Intuitively, an almost Nash edurilim Fact 1 (see, e.g., [31])For all £: [0,1] — R with elastic-

is a state in which there are not too many agents that deviﬂgeat mostd it holds that/(y(1 + §)) ’< (1 +2d8)(y) for
considerably from the current average. < 1 - '

. 0<0< .
Game theory hgs been used extensively to model dynam'q:urthezr%ore we assume the existence of the thresiold
spectrum access in the context. of CR, see for example u\%th the property that an agent is satisfied if its cost is at

(2], [3], [4], [14], [15], [16], [17] just to mention few pape. |\ 7 A state is then at &lash equilibriumif ¢;(z;) < T
There are also two recent excellent treatments studyingagarfbr all i € [m]. We define thecapacityof a resource E_[m]
related to CR spectrum allocation by Eekal.[18] and Suris ¢ iha maximum load such that the cost is at rigdormally
etal. [19]. In the different context the semi-centralized ol _ sup{z | £() < T}. This can be seen as a threshold in
distributed channel allocation has also been studied in st of load lrathe_r tha.n cost

context of ISM-band WLAN-systems [20], [21], [22], [23], In the fluid limit, our protocol will not reach such a state
[24], [25]. Useful background can be also found from [26]Si

[27]. [28]. [29], [30]. The dynamic load balancing itself ia nce the probability tq leave a resource decreases assts co
been studied naturally also widely in the larger contextarfie approachesT’. Hence, in order to describe the convergence

L . . : speed of our protocol, we will bound the time to reach
munications engineering. As discussed above our approa;

o : . . . é\n’approximate equilibrium. A natural relaxation of Nash
which is using only pure local information, is a novel an IR -
.equilibria is the following:

extremely simple approach which does.no'F expec@ any explici Definition 2 ¢-Nash equilibrium):A state is at aj-Nash
cooperation. As some of the complexity is required for the ~~ " """ . .
: , .. equilibriumiff for all 7 € [m] it holds that/;(z;) < (1+9)T.
first step to solve primary vs. secondary user allocatios it T
to be expected that a very simple load balancing algorithm fo

the secondary user load balancing would be useful. This Hs
been our primary aim. Naturally our approach could also havewe can now introduce our protocol formally. The protocol

applications beyond dynamic spectrum allocation. is executed by all agents in parallel and is described as

pseudocode in Algorithm 1.

The Protocol

Il. MODEL

A. System Model

We consider a set ofesourcesdenoted by[m]. Each
resourcei € [m] is associated with aost function?; :
[0,1] — Rso. In this work, we consider théluid limit
where the number of agents tends to infinity. The fraction

Algorithm 1 The THRESHOLD-Protocol
loop
for all agents in paralletio
Let 7 denote the resource to which the agent is as-

of agents assigned to resource [m] is denoted byz;, so ;I%?(exd)> T then
> ieim) T = 1. A stateis a vector(z;);e(,. The induced With probability “=T do
cost sustained by agents on links ¢;(z;). Whenz is clear 1. draw; € [m] ucr:.i?‘icg%ly at random
;rom (the) context we may also omit the argument writif)g 2' i
or £;(x;). - '
We consider cost functions that satisfy two propertiesstFir enilnf(j) rlf
the cost of an unused resource is zero, and, second, the Co%tnd loop

functions are not too steep in the sense that they have bdunde




When all agents follow our protocol on an allocatioan bounded elasticity of, as well as the above statement,
concurrently, we obtain a new allocatiorf. This process
is iterated indefinitely. We obtain a sequence of allocation li(x)
denotedz(0), z(1),.... Given a stater, the fraction of agents R
which leave bini is denoted by; () = max{0, z; - (¢;(x) — = Llyo)+ [ Gi(u)du

Yo

T)/(ati(@))}. "

In the following, we assume that the parameteis set to < Li(yo) + d/ “— du
«a = d, whered is an upper bound on the elasticity of the cost vo
functions.
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IIl. ANALYSIS OF THE CONVERGENCETIME

Tl bi(wi)d
- éi(yo)+d/ —<u7(“’”>
u X

Yo

— li(ws) (d — 1)) du

A. Convergence to Equilibria

We first show that the protocol converges to a state where Blidw, usingu < z; and the assumption thét(yo) < h(yo),
agents sustain a cost at md@stin the long run. To that end,

we introduce a potential function which is zero only at the Li(xi)
Nash equilibria and show that the potential decreases tsvar < 0 d () d — () (d—1) p
zero. We define the potential of a resource as the excess load  — i(vo) + o X Y
= Lli(yo) + (zi — yo) - x(, )
¢i(x) = max{z; — S;,0} and ¢(x) = Z ¢i(x) . dE-(?z:-)
i€[m] < h(yo) + (x; — yo) - ; !
Clearly, ¢;(x) = 0 if and only if = is at Nash equilibrium. = li(x)

Furthermore, in the following, we assume thatis chosen

such thaty_,,,;5; < 1, i.e., the system is not overloadeda contradiction. Fronf;(y) > h(y) it follows that
and a Nash equilibrium in our sense exists.
Theorem 2:If o = d, then for any initial statec(0), our Li(xy — i)
protocol converges towards a Nash equilibrium. > h(z;—r;)
To see this, we show that our protocol does not move too d;(x;)
many agents in any round. In the following, we will omit = (@ —r3) - — (d—1) ()
the formal statement oft = d from the formulation of the Gle) =T\ db;(z:)
theorems. = |z —a;- i@y ) (d—1)0;i(x;)
Lemma 3:Consider any state. Then, for anyi € [m] with T B !
¢; > T, it holds thatr;(x) < ¢;(x). If furthermore?;(0) =0 ’
and/; is convex, it holds that;(x) > ¢;(x)/d. : . .
! v v mplying S; < z; — r;, our claim. [ |
Proof: If ¢;(x) > T, we have IMPYING 2i = & — 74, OU I
0T We can now prove the convergence theorem.
Ty = XI5 - .
dt; Proof of Theorem 2: We show that for any > 0, we
For the lower bound, note that, sinégis convex and; (0) = haveg(z(t)) < e for all t > o and some finite.
0, we have Consider some state not at Nash equilibrium and let’
denote the state generated frammby applying one round of
G(zi—dry) < Li(xy) —drg - Cii) our protocol. Letr; ; denote the fraction of agents moving
B Ti from resource to resourcej. By Lemma 3, we know that for
= Lli(w;) = (li(ws) = T) alli € [m], 3,7, < ¢i(x). Hence, the entire fraction of
= T . migrating agents contributes to the potentiakinThere exists

_ . at least ongj € [m] with z; < S; and up toS; — z; agents
Consequentlys; > x; —dr; implying ¢;(x) = z;—S; < dr;, migrating toj do not contribute any more t in z’. Hence,

our claim. Ag(z) = ¢(z’) — ¢(x) < 0.
For the upper bound, consider the tangent Note thatg(z) andA¢(x) are continuous irv. Consider the
0i(z:)d setX, = {z | ¢(z) > €}. As shown aboveAs(x) < 0 for all
h(y)=1y- % —li(z)(d—1) . x € X.. SinceX. is closedd. = sup{A¢(z) | x € X.} <O0.

Hence, as long as(t) € X,, the potential reduces by < 0
and note that;(y) > h(y) for all y < z;. To see this, assumein every round and reaches a value of at mosst finite time.
that for someyy, < z;, 4i(y0) < h(yo). Then, using the [ |



B. Convergence Time for Zero-Offset Cost Functions of rounds to reach a state with{z(¢)) < % is bounded

We have seen that our protocol approaches a stable stat8¥%n
the long run, however our analysis does not state how quickly 8d° Smax 1 4 d? 1
such a state is approached. In this section, we consideintle t 6 Smin m & Smin '
to reach a state a@tNash equilibrium for cost functions with
zero offset. Our proof of the convergence time will procegd b~ Proof: First, we define two sets. LetK(z) =
showing that the potential reduces in every round by at least | x; < S; — %} be the set of all resources which
a factor. The following shows how we can obtain a bound inave enough space to accommodate the fraction of agents
the convergence time based on this factor. migrating to each resource. Furthermore, l&{x) =
Fact 4: For any constant. € (0,1), consider a sequence!; | g, — 2 — 5. < gl pe the set of all resources that can

y(0),y(1), ... such that for all € N it holds thaty(t +1) < gy accommodate a part of the fraction of agents migrating
(1 —a)y(t). Let 7 denote the smallegt such thaty(t) < ~,

to each resource. The fraction of agents resourcan ac-
then commodate is denoted by (z) = max{0,S; — z;}. Since
1 y(0) : :
T=|-"log|— we assumed, that the system is not overloaded it follows that
o o ¢(z) < 3 icpm 9i(z). Since the set of underloaded resources
Proof: Stub_sntutlng the above expression inf¢t) < s precisely L(z) U K(z), it holds that Zie[m] 5i(z) =
y(0) - (1 —a)" yieldsy(r) <. = } Si(w) + 50, 5;(x). We consider the following
. . . . i€L(x) i€ K(x)
We will derive two different upper bounds, one in terms ofyg cases.
the number of agents, and one in terms of the ratio between .
minimum and maximum capacity of the resources. Due to its 1. Cased e %) > Diex () 9il®).

simplicity, we start with the first bound. It follows that}, ./ , di(z) > 27 pue to Lemma 3
Lemma 5:Assume that;(0) = 0 and/; is convex for all each resource irl.(x) gets at least a fraction of.2)
i € [m]. For all initial allocationsz(0) it takes time at most agents. Thus, after one round all resourcesLifx)
olmdlo M hf':\ve accommodated at Iea§61i(x) and q}(rl()a potential
g 35S difference isA¢(z) = > cr () 20i(2) > S

2. Case)) . Oi(z) <> 0i(x).
rounds to reach a state &Nash equilibrium. it foll Zzetﬁ(””t) (=) %ZEK(;)QS(E() )I N q
Proof: Fori € [m] let §;(z) = max{0, S;—z;} denote the ollows that} e () di(x) = 5~ In each round we

gap in resourcé Note that, since the system is not overloaded, ~have a potential differencég(z) > |K ()| - 22 >

Y ictm) 0i(x) > é(x). In particular, there exists some resource | K (z)| %Sd“%‘f‘ = [K(z)|- — Thle minimal number
i* € [m] with 6;(x) > ¢(z)/m. By Lemma 3, the fraction of of resources inK (z) is |K(z)| > 52— > ek 0i(z) =
agents migrating in one round is at leagt:)/d, and at least AL Hence Ag(z) > ¢(x) o,

a fraction of ¢(z)/(m d) migrates to resourcé", effectively Thus, in each round: we the potential is reduced by

Thus, by Lemma 4, the time to reach a state with potential @lsg Ld? .
MOStd - Sumin/(2d) is bounded by 5o log (mésmm + 1 rounds to decrease the potential
m5 min
d (x(0)) from 1 down to=732 l
O [ mdlog o . Lemma 7 (Phase 2)Assume that/;(0) = 0 and ¢; is

convex for alli € [m]. For all allocationse(t) with ¢(x(t)) <

Such a state is at &Nash equilibrium since for all € [m],  ™25a gnd for alld < 1 it takes at most dlog(2%) + 1

Gz < L(Si+ diz) rounds to reach a-Nash equilibrium.

o ; Z Sl ) Proof: We consider an arbitrary resource [m]. Due to
< G(Si +¢(2)) Lemma 3 at least a fraction dfy; (x(¢)) agents leave resource
< 0 <5i. <1 + i)) i and at most a fraction of-¢(z(t)) < L2%n agents

2d arrive at resource. Thus,
< Li(S)-(1+9) . 5
= T-(1+9) . Gt +1) < Gi@lt) - goi(elt) +
where the fourth inequality is due to the elasticity bound on o 1 0 Smin
¢; (Fact 1). n = s (1= )+ 7z

The proof of the second bound is more involved. It is ) ]
divided into two phases. In the first phase, we reach a stdi Proceed by showing that for resources with low cost (below

with potential at mospjggnn_ Based on this bound, we reacH1 + 0)T) the cost remains Iow,_and for resources with high
a 6-Nash equilibrium at the end of the second phase. cost (abovel + §)T), the potential decreases in a monotone
Lemma 6 (Phase 1)Assume that/;(0) = 0 and ¢; is fashion. Let us fix a resource and we have two cases:

convex for alli € [m]. For any initial statez(0), the number 1. Caseip;(z(t)) < % Due to Fact 1, resourcehas



a cost of at mosf’(1 + §). For this case it holds that ~ Theorem 9:For any initial statez(0), the time to reach a
state aty-e-Nash equilibrium is bounded by

6Smin 1 6Smin
sern) = T (1-1) 4 2on o (i)
B 5smin(1_1+i) €0
2d d 2d Proof: Consider a state not ate-Nash equilibrium. We
0 Smin consider only the contribution to the potential gain of the
< Tog resources € [m] with ¢;(z;) > (1 + §)T. The fraction of

. . agents leaving these resources is at least
Hence, after one round the cost of resouicis still 9 9

below T'(1 + 9). vV o= Z - =T
2. Case:¢p;(z(t)) > % The cost on resource is , 7
. . 4, >(146) T
greater tharf’(1 + 9). In this case it follows that 5
> P
1\ 1 - 2. @ d(1+0)
Gi(z(t+1)) < di(z(t) |1 - = |+ 5=0i(x(t)) ili>(146) T
d 2d 5
1 > € .
= ¢i(z@®)([1—=— ] . d(1+0
(a0 (1 55) 1+9)

Also note that clearlyp(z) > ¢ and by the pigeon hole
By Lemma 4 we know that for an overloaded resourggrinciple, there exists a resourée e [m] with S;« — x>

i, it takes at most ¢/m. Among the agents i, a fraction ofVV/m migrates to
resources*. Thus, in any round, the potential reduces by

m 0 Smin
7 < 2dlog ( L ) +1=2dlog (ﬁ) +1 de/(dm (1+9)). This can happen at mo$t(x(0))-dm (1+
T 2d 5)/ (5 €) times. n
rounds to reduce the potential from at m ig}“‘ to IV. SIMULATIONS
23==, so that resourcéhas a cost of at mogt(1+4).  In the previous section we have analyzed our protocol in
This completes our proof. m the fluid limit. The dependence of the convergence time on the
Combining Lemmas 5, 6 and 7 yields the following theorumber of users is invisible in this model since the number
rem: of users is assumed to approach infinity. In this section, we

Theorem 8:Assume that/;(0) = 0 and ¢; is convex for present simulation results to show that this dependencerys v
all i € [m]. For any initial state, the time to reach a state a@pild and show that the analytical results can be transfented

5-Nash equilibrium is bounded from above by a model with finitely many agents.
5 We have studied scenarios where channels have linear cost
10 (d Smax log ( d >) functions?;(x) = a;-x and where the,; were drawn randomly.
0 Smin M 6 Sin We have used two distributions from which thewere drawn.
and by In the first case the; were drawn uniformly at random from
d ¢((0)) the interval[0, 1]. In the second case tlwg were drawn from a
@ (mdlog (T)) : Pareto distribution P&k, z,i,) With & = 3 and zyi, = 0.01.
fn We considered.3, 100 and 1000 resources and varied the
C. Convergence Time for General Cost Functions number of agents from: - 10 to m-500. The mean ovet 000

For general cost functions (i.e. with non-zero offset) thigpetitions of each simulated combination of resources and
above result does not hold. In particular, if there exisﬂ)wse’s agents are shown in the following figures. The convergence

with constant but large cost functions, we cannot hope F&"g data were f'tt.ed o a function of the fortw) = c1 -
reach aj-Nash equilibrium since there will always remain aAOg (n) using minimum square regression.

(exponentially fast decreasing) minority of agents utiligthis We have S|m_ulated scenarios with = 13, 100 and 1000
resource. Taking this into account, we modify our definitioﬁhannEIS' In this paper we present results or= 13 and

of approximate equilibria allowing a small fraction of agen ' ~ 100. In E|gure 1 we show the convergence time for
to deviate by more than a factét + &) from 7. the system which has uniform pdf for tlhe. The parameters

Definition 3 ¢-e-Nash equilibrium): A statex is at ad-e- foudndl?}‘oitr11eSlc605nv§rgencg t|mt;a funcctjlotﬂ e:rﬁ] ~ 137312
Nash equilibriumiff and cy® ~ 1. . It can be observed that the convergence

time is sub-linear in the number of agents, which shows that
Z ;<€ . the threshold protocol is well applicable also for largatsc
systems.
When using a Pareto distribution for theparameter of the
With this definition of approximate equilibria, we can showost functions, the resulting values of the have a smaller
fast convergence again. variance than in the case of the uniform distribution. Tisis i
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Fig. 1. Convergence time of the threshold protocol usingoumily dis-

tributed slopes for the cost functions. The upper paneldsvaiy convergence Fig 2. Convergence time of the threshold protocol usingadistributed
time as a number of rounds for 13 channels. The lower panelstite same  sjopes for the cost functions. The case for 13 and 100 charsehown in
for 100 channels. the upper and lower panel, respectively.

often the case in the real world scenarios. Figure 3 shows the
results form = 13 andm = 100 channels. We observe a

X X . Average number of reassignments per agent for 13 resources
faster convergence time than in the case of uniformly drawn

e ‘Pareto-di‘stributed,v‘; m=13
S at R R yniformly. distributeda;; mr= 13 ——
@ N N e RN \\/;n\\,f"'/

a;. The simulations confirm that our fluid limit calculation
is not limited to unrealistically high number of channelsian PN
users, but have also practical applicability. The used costg 35 4 1
function is a simplification in order to show that the method & 3|/ ,

is useful in general cases and it is not limited to some specifi % 25| |

scenario. As the results are promising, we intend to make&mor ; '

extensive sets of simulations that will take into accounetr £ 2| )

radio environment effects and topologies for this algaonith E 15t .
g 11 ]

V. SUMMARY AND FURTHER DIRECTIONS 2 05
We have introduced a simple dynamic protocol for spectrum 0 ‘ ‘ ‘ ‘ ‘ ‘
assignment with local information. Our analysis shows that 0 1000 2000 3000 4000 5000 6000
protocol converges quickly towards a state in which all agen number of agents

sustain cost below a certain threshold parameter as long as

such a state exists. Our analysis assumes the fluid limit Moglg. 3. Average number of reassignments per agent to reaataaded state
and therefore does not make a statement on the dependessivg 13 resources.

of the number of users. Analysis in a discrete model indicate

7000



that the convergence time actually depends in a logarithmic REFERENCES
fashion on the number of users [32].

Our model assumes that the cost sustained is equa| for & J. Mitola, Cognitive Radio: An Integrated Agent Architecture for Soft

sers utilizing the same resource. We may also assume that " Defined Radio PhD Thesis, KTH, 2000.
u utihzing u ) y u IT?] L. Berlemann and R. Huuhaa, “Spectrum load smoothingctanitive

the cost depends also on the user due to, e.g., fading and medium access in open spectrurim’Proc. IEEE PIMRC 2005vol. 3,
other parameters. In this case, the system can be described b Pp. 19511956, 2005.

_ e : ] A. Laufner and A. Leshem, “Distributed coordination gfestrum and
a player-specific congestion game. The convergence aﬂaly& the prisoner’s dilemma,in Proc. IEEE DySPANvol. 1, pp. 94-100,

then becomes much more involved. Then, in general it is 2qos5.
not even clear how many sequential steps are necessary[4b S. H. Wong and I. J. Wassell, “Application of game theooy diistributed

dynamic channel allocationProc. of IEEE Trans. on Vehicular Tech-
guarantee convergence towards a stable state. nology, vol. 1, pp. 404408, 2002,

An extension of our protocol would be to allow for the [5) p. Mahenen and P. Petrova, “Flash crowds in cognitieglic en-
agents to have individual thresholds. In particular, agent vironment: Beware an unpredictable mob,” Rroc. of 18th IEEE

: P Annual International Symposium on Personal Indoor and NMoBiadio
should be able to find good values fér such that it is as Communications (PIMRC 2007), Atherep. 2007,

small as possible while admitting a feaSiple 50'9“0”- OWW [6] M. Raab and A. Steger, “Balls into bins — A simple and tigintalysis,”
could be to adapt the threshold dynamically, increasing it i  Lecture Notes in Computer Sciencel. 1518, p. 159, 1998.

the system does not converge for some amount of time ar@ N- Johnson and S. KotyJrn Models and Their applications John

d : it full th . Wiley and Sons, 1977.
ecreasing it caretully otherwise. [8] S. Fischer, M. Petrova, P. Mahonen, and B. Vocking,istBbuted

The analytical solution and numerical simulation show that load balancing algorithm for adaptive channel allocation €ognitive

; ; ; ; Radios,” inProc. 2nd Conference on Cognitive Radio Oriented Wireless
pure _Ioc_al information based stocha_stlc allocation cankwor Networks and Communications (CrownCor@ylando, FL, USA. Aug.
in principle. We are currently working towards the future  5gg7.

work on implementing our algorithm to be part of our gnuRa{9] E. Even-Dar and Y. Mansour, “Fast convergence of selfitouting,”
dio (USRP-boards) based test network. Further work is also n Proc. 16th Annual ACM-SIAM Symposium on Discrete Algosthm

: : .~ (SODA) 2005, pp. 772-781.
needed to make detailed cost function models and providg p gerenbrink. T. Friedetzky, L. A. Goldberg, P. GoldgeZ. Hu, and

simulation results using those in conjunction with wirgles ~ R. Martin, “Distributed selfish load balancing,” iroc. 17th Annual
network simulators. We have done early feasibility testhwi  ACM-SIAM Symposium on Discrete Algorithms (SQI28)6.

: e » ; » s atrilag b ; :J11] P. Berenbrink, T. Friedetzky, |. Hajirasouliha, andHu, “Convergence
a S|mpI|f|ed radio model”, where distribution of radios IS[ to equilibria in distributed, selfish reallocation proeessvith weighted

random, the transmission power is fixed and the propagation tasks;” inProc. 15th Annual European Symposium on Algorithms (ESA)
loss exponent is 4 for all radios. The main contribution é$ th 2007, pp. 41-52.

paper has been to make a position statement that the futtfé D: Fotakis, A. Kaporis, and P. Spirakis, *Atomic conges games: Fast,
myopic and concurrent,” ifProc. 1st Symposium on Algorithmic Game

CRs must also take in account the load balancing of secondary Ttheory (SAGT)2008.
users to be true cognitive radios. We have also introduced 3] S. Haykin, “Cognitive radio: brain-empowered wiredesommunica-
concept of seeing load balancing as a classical "balls amf bi ~ tions,” Selected Areas in Communications, IEEE Journal eol. 23,

. . L no. 2, pp. 201-220, Feb. 2005.
type of congestion game. \We have proved in the fluid limit th?lt4] N. Nie and C. Comaniciu, “Adaptive channel allocatiopestrum

the congestion game can rapidly converge to feasible solsiti etiquette for cognitive radio networksProc. IEEE DySPAN Conf.,
(if those exists in the system at all), and that this can be Baltimore, MD, USApp. 269-278, Nob 2005.

. . . . ] V. Srivastava, J. Neel, A. MacKenzie, J. Hicks, L. D&§jlJ. Reed, and
reached by using simple algorithm that is based to only lod&P G. Gilles, “Using game theory to analyze wireless ad hoc ogte

information. These results pave way towards the future load |EEE Communications Surveys and Tutorjaéob 2005.
balancing cognitive radio networks. Especially the neefihi  [16] J. Hicks and A. MacKenzie, "A convergence result forgudtal games,”’
algorithms that do not need massive amount of informati?h{]é] in 11th Int. Symp. on Dynamic Games and Applicatidbec 2004.

L .. M. Felegyhazi and J.-P. Hubaux, “Wireless operatorsainshared
exchange between communicating nodes is important for spectrum,”INFOCOM 2006. 25th IEEE International Conference on

future CR technologies. One should note that our analysis Computer Communications. Proceedingp. 1-11, April 2006.
formalism and algorithm is very general, and any reasonalblgl R. Etik, A. Parekh, and D. Tse, “Spectrum sharing foriegrised bands,”

: . . . : IEEE JSAG vol. 25, pp. 517-527, 2007.
cost function can be introduced into model without changlr‘[g9 3. Suris fDaSilvapg Han, and A. MacKenzie, “Coopiiven game

the fundamental properties. A change of a cost functionsgea ~ theory for distributed spectrum sharingZommunications, 2007. ICC
and through that one can ana|yze qu|Ck|y different and more ’'07. IEEE International Conference opp. 5282-5287, June 2007.

ot ; ; ; 0] J. Riihijarvi, M. Petrova, and P. Mahodnen, “Freqagnallocation for
realistic radio cases quite readily. We hope that our resu‘% WLANS using graph colouring techniqueggurnal of Ad Hoc & Sensor

inspire more work on studying such algorithms. Wireless Networksvol. 3, pp. 121-139, 2007.
[21] D.J. Leith and P. Clifford, “A self-managed distribdtehannel selection
algorithm for wlans,”Proc. of RAWNET 2006, Boston, MA, US206.
ACKNOWLEDGMENT [22] A. Mishra, V. Shrivastava, D. Agarwal, S. Banerjee, @dGanguly,
“Distributed channel management in uncoordinated wigelesviron-

. . ments,”Proc. of Mobicom 2006.

The authors acknowledge the financial support of DFfzs) a. mishra, V. Brik, S. Banerjee, A. Srinivasan, and W.bacgh, “A
through German UMIC-excellence cluster at the RWTH client-driven approach for channel managemeRtdc. of INFOCOM

Aachen. One of us (PM) is also acknowledging a partig| 2006, Barcelona, Spajr2006. , _
fi ial tf European Union throuah ARAGORN[_24] B. Leung and K. K. Kim, “Frequency assignment for IEEE280L wire-
Inancial support from europ ! ug less networks,’Proc. of 58th IEEE Vehicular Technology Conference

project. 2003.



[25]

[26]

[27]

(28]

[29]

[30]

[31]

[32]

J. Riihijarvi, M. Petrova, and P. Mahonen, “Freqagrallocation for
WLANSs using graph colouring techniqueProc. of WONS 2005, St.
Moritz, Switzerlangd January 2005.

G. Cao and M. Singhal, “Distributed fault-tolerant aclna| allocation for
mobile cellular network,Proc. of IEEE INFOCOM 1999pp. 584-591,
1999.

I. Katzela and M. Naghshineh, “Channel assignments&sefor cellular
mobile telecommunication systems: A comprehensive SUMMBEE
Personal Comm.vol. 3, pp. 10-31, 1996.

J. Jiang, T.-H. Lai, and N. Soundarajan, “On distriloutiynamic channel
allocation in mobile cellular networksfEEE Transactions on Parallel
and Distributed Systemsol. 13, pp. 1024-1037, 2002.

W. Hale, “Frequency assignment: theory and applicetibProceedings
of the IEEE vol. 68, pp. 1497-1514, 1980.

K. I. Aardal, S. P. M. van Hoesel, A. M. C. A. Koster, C. Mano, and
A. Sassano, “Models and solution techniques for frequessjgament
problems,”40R: Quarterly Journal of Operations Researstol. 1, pp.
261-317, 2003.

S. Fischer, H. Racke, and B. Vocking, “Fast convergeto Wardrop
equilibria by adaptive sampling methods,” Rroc. 38th Annual ACM
Symposium on Theory of Computing (STOGkattle, WA, USA: ACM,
May 2006, pp. 653—-662.

M. Schongens, “Dynamic resource assignment for waeldevices,”
Master’s thesis, RWTH Aachen, 2008.



