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Abstract

We study algorithmic questionsconcerninga basicmicroeco-
nomic congestiorgamein which thereis a singleproviderthat
offers a serviceto a set of potential customers. Each cus-
tomerhasa particulardemandof serviceandthe behaior of
the customerds determinedby utility functionsthatare non-
increasingn the congestionCustomerslecidewhetherto join
or leave the servicebasedon the experiencedcongestionand
theofferedprices.Following standardyametheory we assume
eachcustomebehaesin themostrationalway:. If thepricesof
serviceare x ed,thensuchacustomebehaior leadsto apure,
notnecessarilyiniqgueNashequilibriumamongthe customers.
In orderto evaluatemarketing stratayies, the serviceprovider
is interestedn estimatingits revenueunderthe bestandworst
customerequilibria. We studythe compleity of this problem
underdifferentmodelsof informationavailableto the provider.

We rst considetheclassicaimodelin whichtheprovider

hasperfectknowledgeof the behaior of all customers.
We presenta completecharacterizatiomf the compleity

of computingoptimal pricing strategiesandof computing
bestandworstequilibria. Basically we shav thatmostof

theseproblemsare inapproximablen the worst casebut

admitan“average-cas€PAS” Our averagecaseanalysis
covers generaldistributions for customerdemandsand

utility thresholds. We generalizeour analysisto robust

equilibria in which playerschangetheir stratgjies only

whenthis promisesa signi cant utility improvement.

We extendour analysiso a morerealisticmodelin which
the provider hasincompleteinformation Following the
gametheoreticframenork of Bayesiangamesntroduced
by Harsaryi, we assumehattheprovideris awareof prob-
ability distributions describingthe behaior of the cus-
tomersandaimsat estimatingits expectedrevenueunder
bestandworstequilibria. Somevhatcounterintuitve, we
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obtainan FPRASfor the equilibriaproblemin the model
with imperfectinformationalthoughthe problemwith per

fect informationis inapproximableunderthe worst case
measuresln particular the worst casecompleity of the
consideredstochasticequilibria problemsincreaseswith

the precisionof theavailableknowledge.

1 Intr oduction

We investigatecomputationabspectf a classicaleconomic
gamein a market in which a single provider offers a service
to a setof potentialcustomersWe considera sel sh provider
whosegoalis to maximizeits revenue. Eachcustomeris as-
sumedto have a particulardemandof serviceandthe quality
of servicedecreasewith the congestion i.e., the sumof the
seneddemandsWe considera modelin which the customers
do not cooperatavith eachotherandthe custometehaior is
determinedby utility functions The utility functionsare as-
sumedto be non-increasingn the congestiorandthey specify
whethera customeijoins or leavesthe servicebasedn the of-
fered pricesandthe experiencedcongestion. If all pricesare
x ed thensucha customerdbehaior leadsto an equilibrium
amongthe customerscommonlyknown asa Nashequilibrium
Therefore from the perspectie of the provider it is important
to understandhe behaior of the customersn Nashequilib-
ria. In generaltheprovider maybeinterestedn mary possible
scenariosFor example,if sheis optimisticthenshemightaim
at settingup pricessuchthat the revenueunderthe bestcus-
tomer equilibria is maximized. A more pessimisticprovider
could be interestedn maximizingthe pro t underworst equi-
libria or minimizing the gap betweerbestandworst equilibria
to minimize economidaisk.
The model. In this paperwe considerthe following game
that corresponddo the scenariodescribedabore. Supposea
provider wantsto sell anon-line serviceto asetof potential
customers.Every customer is assumedo have a demandof
service . Forthetime beinglet usassumehatthe provider
committedto a particularprice vector Let  denotethe price
offeredto customer . Furthermore et
denotean indicator variablethat is  if customer joins
the serviceand otherwise. Then,theprot (revenue)of the
provider is de ned as . Dueto congestioreffects,the
quality of serviceis assumedo benon-increasingvith theload,
which is the allocateddemand . Therefore the utility
of a customeris a non-increasingunction of the load. For
, let denotethe utility function of



customer mappingaloadvalueto the maximumpricethatthe
customeiis willing to payfor a serviceunderthis load. In this
way, thepayof of acustomer is in casehe
joinstheservice(i.e. ), andis zerootherwise.

We assumen classicalgametheoreticsettingin which a
customeris willing to join the serviceif the payof is non-
negative, and he refusesthe serviceotherwise. If the payof
is zero then the customeris ambialent. An allocation of
customersn which it is impossiblefor any single customer
to improve his payof is called a customerNashequilibrium
In this paperwe investigatawo critical propertieof customer
Nashequilibria: which customergoin the serviceandwhatis
thepro t obtainedby the provider.

Let usobsene thattheregion of allocationsin anequilib-
rium is describedy thefollowing constraints:

More speci cally, the equilibria de ned by these con-
straintsare called pure equilibria. If we relax the integrality
andassume thenwe obtainso-calledmixedequilib-
ria. In this study we will focuson pureequilibria.

Assumingthat the pricesare x ed, we can simplify the
descriptionof pure customerequilibria as follows. Since
arenon-increasindunctions we cande ne (utility) threshold$

, , andobtain

(1.1)
(1.2)
(1.3)

Condition(1.1) is calleda maximalityconstaint and(1.2)— a
thresholdconstaint. Obsene, thatthe problemof maximizing
subjectto the constraintsabove (the bestequilibria
problem) generalizeghe maximum knapsackproblem. The
only differenceis that in the knapsackproblem all utility
thresholds areidentical. Of course,in the typical knapsack
formulationthemaximalityconstrainis notspeci edexplicitly
asit is ful lled implicitly by prot maximization. However,
if customershave different thresholdsthen the maximality
constraintis crucial. The problem of minimizing
subjectto (1.1)-(1.3),is calledtheworst equilibria problem.
Congestiongames.Assuming x edprices,our gameis called
a congestion gamein the literature. This class of games
hasbeenintroducedby Rosentha[27] andsincethenstudied
extensvely (see,e.g., [14, 21, 22, 23, 31]). In Rosenthab
modelplayerschoosea subsetof availablefacilities,andeach
facility has an associatedutility function. A payof to a
playerfrom a facility is a function dependingon the number
of all playersthat choosethis facility. Rosenthalkhaovs that
there always exists a pure stratgy Nash equilibrium in his
model. A model that is closerto our has beenstudied by

1If function s notstrictly decreasingwe extendthe de®nitionof in

thenatural obviousway.

Milchtaich [21, 22]. In a so-called unweightedcrowding
(congestion)game every player hasa playerspeci ¢ payof
function that dependson the strategy he plays and on the
numberof playersthatchoosehe samestratagy. In aweighted
crowding (congestion) gameeachplayer hasa weight
and the payof function of a player dependson the sum of
the weightsof all playerschoosingthe samestrateyy. In this
terminology our gameis a weighted congestiongame with
playerspeci ¢ payof functionsin which eachplayerhastwo
strat@ies.Milchtaich[21] shavsthatsuchgamesalwaysadmit
pure Nashequilibria, i.e., there exists a vector
(usuallymary suchvectors)thatful lls themaximalityandthe
thresholdconstraintgle ned above.

1.1 Summary of newresults The mainthemeof this paper
is to understandhe compleity of determiningthreeimportant
propertiesof the game describedabove: what is the best
pricing scheméor the provider, which customerwill join the
servicein custometbest/vorstNashequilibria,andwhatis the
provider'spro t in best/worstNashequilibria.

Basic model. We beagin with the classicalmodel in which
the provider has perfectknowledge aboutthe behaior of all
customers. We provide a completecharacterizatiorof the
compleity of computing best and worst equilibria, and of
computingoptimal pricing stratejiesin this model.

We give anFPAS’ to computerevenuemaximizingprices
assuminghatthe provider canoffer anindividual priceto
every customeiindependenof the customerslemand.

Individual pricing is often consideredunrealistic. Eco-
nomicliteratureusuallyassumeshat pricesarefunctions
of the demands.Underthis assumptionywe shov the ex-
istenceof a pseudopolynomialmealgorithm

We shaw thatthe pseudopolynomiatime algorithm can-
not be transformednto an FRAS. In fact, we prove that
evenunderuniformpricingfunctions(i.e., pricesareequal
to demands)heproblemis inapproximablé. Evenfor at

rate pricing (i.e., x ed price, samefor all customers}he
bestpossibleapproximatiorratio is N

In addition,we studymorerobustequilibria conceptghat
avoid thrashingeffects. We show thateven undertheserobust
equilibria, mostof the consideredporoblemsremaininapprox-
imable. Only somespecial,somavhat restrictve casese.g.,
if all customerdave the sameutility threshold admitef cient
approximatioralgorithms.

Average caseanalysis. Despitethe pseudopolynomiahlgo-
rithm, mostof theproblemsareinapproximableindertheworst
casemeasures.In economicliteratureone typically doesnot
considerthe worst casescenariogwhich almostnever appear

2FPAS or FPTAS standsfor afully polynomialtime approximationscheme
FPRASmeans fully polynomialtimerandomize@pproximationscheme

3Throughoutthis paper the term “inapproximable” meansthat for ary
polynomial time computablefunction , the consideredoroblem cannot

be approximatedvithin afactorof in polynomialtime, unless



in real life applications)out rathermakes somestochasticas-
sumptionsabouttheinput. Thereforewe turn our attentionto
average caseanalysisandour goalis to considerinput distri-
butionsthatareasgeneralspossible.

The pseudopolynomiadlgorithmsfor the equilibria prob-
lems are basedon a reductionto the interval knapsackprob-
lem,i.e., thestandard/1 knapsackproblemwith anadditional
lower boundon the weight of knapsackpacking. This prob-
lem cannotbe approximatedn its generalform assettingthe
interval lengthto somesmallnumberallows to decidethe -
hard subset-sunproblembasedon approximatesolutionsfor
the interval knapsackproblem. We can prove, however, that
thereis anadaptiveapproximationschemewhoserunningtime
dependsinearly onthereciprocalof the lengthof theinterval.
This adaptie algorithmis the basisfor our averagecaseanaly-
sisof theequilibriaproblem.

In our averagecaseanalysis,we considera very general
model, where the demandsand utility thresholdsmay have
arbitrary, continuousprobability distributions* with bounded
meanand density Differentdemandsanddifferentthresholds
can have different distributions. Our main contribution here
is the designandanalysisof an approximationschemewvhose
expectedrunning time dependson the maximumdensityand
the maximumexpectationover all probability distributions. To
give a simple exampleof the performanceof this scheme|f
all demandsare uniformly sampledfrom and all utility
thresholdsaresampledrom , thenwe obtainan“average-
caseFPAS” Obsene, that undersucha distribution, the ratio
betweerthesmallesiandlargestinput numberds only polyno-
mial. This, however, by no meansmpliesthatthe pseudopoly-
nomial time algorithm can be usedto obtainan approximate
solution. The crucial propertyto obtainthe average-cas€PAS
is thatthereareno smallintervalsin theinterval knapsaclprob-
lemto which we reducethe equilibriaproblems.

Modelswith incompleteinformation. Finally, following eco-
nomicliterature we turnour attentionto amorerealisticmodel
in which the provider hasincompleteinformation about the
customerbehavior Following the gametheoreticframeavork

of Harsawi [12, 13], we assumehatthe provider is aware of

probability distributions describingthe customebehaior and
aims at estimatingits expectedrevenueunderbestand worst
equilibria. On a rst view, this Bayesianvariantof the equi-
libria problemmight seemevenharderthanthe problemunder
perfectinformation. However, we can prove the existenceof

an FPRAS(fully polynomialtime randomizedapproximation
schemelundersomemild assumptionsiboutthe imperfectin-

formation. (Notice thatthe runningtime bounddoesnot refer
to therandominput arymorebut to the coin ips madeby the
algorithm.) In principle, our analysiscoversgeneralprobabil-
ity distributionswith boundeddomain. If the distributionsare
“well dispersing”thenwe achieve polynomial running time.

The more “concentrated’the distributions are, the larger the
runningtime becomesThus,someavhatsurprisingly the com-
plexity of the equilibria problemsincreaseswith the precision

4All ourresultscaneasilybe generalizedo discretedistributionsaswell.

of theavailableknowledge.

1.2 Previous and related work Previous work in (eco-
nomic) gametheorythat consideredhe sameor similar to our
modelshasalreadybeendiscussedn the introductionunder
“congestiongames. From the computationaviewpoint there
areresultsonthecompleity of computingequilibriain aparal-
lel link game[6, 7], in normalform gamesandBayesiargames
[3] (seealsothereferencesherein). Thesegpaperanostlyprove
that computingequilibriawith somepropertiesis hard. Com-
plexity of equilibriain a market exchangegamewasstudiedin
[4, 5]. For example,Feldmanretal. [7] have givenan FFAS
for computingthebestequilibriain asimpleparallellink game.

Wenow brie y discussomepreviouswork onalgorithmic
aspectsof gameswith incompleteinformation. A classical
model of auctiondesignis given a seller who wantsto sell
a single (or multiple) item(s) to potential customers. Each
customerhasa private valuationof the item. The selleronly
knows a probability distribution over possiblevaluesof the
valuationsand her goal is to designa stratgyy (auction) of
which customergets the item and for what price in order
to maximize her expectedrevenue. This simple model does
not considercongestionissues. Ronen[25] hasgivena -
approximateauctionin this model. Theseresultsalsoholdin a
Bayesiancontext. No deterministicpolynomial time auction
from a natural classof auctionscan do betterthana -
approximationseeRonenandSaberi[26].

Several studies,e.g., [1, 2, 10], deal with averagecase
analysisfor the knapsackproblem. In contrastto our work,
thesestudiesassumehatpro ts areindependentf theweights
(i.e.,demandsn our terminology), andthey studyexactalgo-
rithms. In our analysis pro ts arefunctionsof weights.In this
casepnecannothopeto getexactalgorithmswhich is related
to breakingso-calledknapsaclcrypto-systemsvhosehardness
is basedon the hardnes®f randomsubset-suninstancedi.e.,
knapsackwith pro ts equalto weights)[15].

In the stochastiknapsaclproblemtherearegiven items
with randomweightswith associategbro ts andthe knapsack
capacity The objectve is to nd a knapsackpacking that
maximizesthe expectedprot or maximizesthe prot under
an additionally given over ow probability Kleinberg et al.
[16] have givena -approximationalgorithm for general
independentistributions. Goel and Indyk [9] improve on
this result by giving approximationschemesfor particular
distributions, e.g., exponentialor Bernoulli. Translatingour
resultinto this setting,we do notcomputea particularknapsack
packingbut the expectedpro t of optimal knapsackpackings.
Other differencesare that we assumethat pro ts dependon
weights (demands)and we considerharderproblemswhich
in contrastto the standardknapsackcannotbe approximated
within ary factorif theweightsareadwersarial.

More detailedreference®speciallyto the relatedwork in
economicsandgametheorywereeitherdiscussedbeforein the
introductionor will appeaffurtherin thetext.

5In our considerationselatedto knapsackswe will rather use the term

weightinsteadof demand.



Outline. Sections2 through7 describeour resultsin more
detail,andSection8 containghe mostinterestingproofs.

2 An FPAS for individual pricing

We rst considerthe simplest (but also the least realistic)
model in which the provider can offer an individual price
to every customer Pricesneednot dependon the demand
of the customer that is, the provider is allowed to use an
arbitrary price vector Under such assumptions,
the maximality constraintin the descriptionof the customer
equilibria can be avoided by assigningvery high prices to
thosecustomerghatareunwanted. As a consequencdpr the
optimalindividual price vectorthereis only oneequilibriaand
the provider doesnot have to distinguishbetweenthe bestand
worstequilibria. We assumehatthe utility functions are
known and aswell as canbeevaluatedn constant
time. In sucha modelwe can provide a strongalgorithmic
resultwhoseproofis omittedin this extendedabstract.

THEOREM 2.1. Underindividual pricing there is a price vec-
tor thatmaximizesheprovider'spro t anduniquelydetermines
the behaviorof eadh customer Furthermoe, there is an FPAS
for approximatingsuc an optimal price vectorandfor approx-
imatingthe optimalequilibrium.

Individual pricing, however, is usuallyconsideredo beun-
realisticfor an on-line serviceprovider. Most studiesin eco-
nomicsdealwith pricing schemeswherepricesaremonotone
functionsof thedemandseee.qg.,[11, 18, 24, 28, 29, 30].

3 Pseudopolynomialalgorithms for more realistic pricing

Economicliterature focusesmostly on the following classes
of pricing schemes:uniform pricing: a function of the form
, With and beingthedemandf acustomer;

linear pricing: with ; block
pricing: isapositive,piece-wisdinearfunction;and at rate
someconstantfunction. In the context of an on-line service
provider, block pricing seemso be the mostrelevant pricing
schemeln practice customerareoffereda smallcollectionof
so-calledpricing plans(i.e., linearpricefunctions)from which
eachcustomercanchoosehe bestoffer w.r.t. hisdemand.

Previouswork in economicqsee.e.g.,[11, 17, 18, 20, 24,
28, 29, 30]) focusesmostlyonexplicit analyticaldescription®f
equilibria. With thisknowledge pricing schemesirethencom-
puted basically by enumeratingall possiblepricing schemes
from a givenclassof pricing schemesHowever, the computa-
tion of theequilibriavaluesof our congestiorgameis NP-hard
and hencedoesnot have sucha closedform representation.
Consequentlythe provider needsmore advancedalgorithmic
solutionsin orderto computethe valueof worstandbestequi-
libria. In fact,we canprove thatthereis a pseudo-polynomial
time algorithm for computingbestand worst customerequi-
libria underarbitrary price vectors. Recall that pricestrans-
lateinto thresholdsthatis, the input consistsof the thresholds

, demands , and prices . All

thesevaluesareassumedo be positive integers.

THEOREM 3.1. Thee is a pseudopolynomialime algorithm
for computingthe best (worst) customerequilibria for any
givenprice vector

This algorithmis basedon a similarity of the equilibria
problemandtheknapsaclproblem.In fact,wereduceheequi-
libria problemto avariantof theknapsackroblemthatwe call
interval knapsag&, andwe then shawv that the pseudopolyno-
mial time algorithm for knapsackalso works for the interval
knapsaclkproblem.Thistheoremis provedin Section8.2.

The theoremhasimmediateconsequencefor the calcu-
lation of optimal pricing schemesfor bestor worst customer
equilibria. For example,considerblock pricing with a constant
numberof pricing plans. Thereis only a pseudopolynomial
numberof waysto choosea constanhumberof differentpiece-
wise linear functions. Thus, all block pricing schemeganbe
checledin pseudopolynomiaime to determinghe bestone.

4 Inapproximability of equilibria and of pricing

Having a pseudopolynomialime algorithmfor a problem, it
is often possibleto transformit into an FPAS. Unfortunately
this doesnotwork for computingbestandworstequilibria. We
shaw thattheseproblemsareessentiallyinapproximablegven
underuniform pricing, which basicallymeansthat pricesare
equalto demands.The proof of Theorem4.1 canbe foundin
Section8.1.

THEOREM 4.1. Thebestandworst customerequilibria prob-
lemsare inapproximableunderuniformpricing.

This negative resultimplies thatnot only the best(worst)
equilibria problemfor an arbitraryuniform pricing functionis
inapproximabléout sois theproblemof computingbest(worst)
equilibria problemwhenthe optimal uniform pricing function
is given. To seethis, supposehe input of the uniform pricing
problemare integers and demands A
uniform pricing is a pricing function for some

. Let the utility functionsbe of the form
if andO otherwise. Then,the optimal uniform pricing
schemeds for all . An approximationof the
revenuethatcanbe obtainedby thesepricesunderbest(worst)
equilibria,however, givesalsoanapproximatiorof thevalueof
the underlyingbest(worst) equilibria itself and, hence,is not
possible.

COROLLARY 4.1. The best and worst customerequilibria
problemsare inapproximableeven whenthe optimal uniform
pricing functionis given.

Still, this inapproximabilityresultleaves a hopethat one
might manageo computethe optimal pricing functionwithout
being able to approximatethe revenueit yields. In fact, in
the above examplethe computatiorof the bestpricing scheme
itself was trivial. The following theorem, whose proof is
omitted,shovsthatnot only computingthe optimalrevenuebut
alsocomputingthepricesthatleadto thisrevenueis dif cult by
itself. We restrictour attentionto the simplestpossiblepricing
scheme:at ratesandthebestequilibriaproblem.



THEOREM 4.2. For a at rate , let betheprot of
the bestequilibria underthis at rate Let .
A at rate with "~ cannotbecalculatedin
polynomialtime, unless

5 (In)Approximability of robust equilibria

All inapproximabilityresultsabove rely on a very carefuland
adwersarialchoice of the utility thresholdss.t. even a slight
changeof thresholddeadsto thrashingeffects. This raisesthe
guestionsof how the compleity of the problemwill change
if we considermore “robust” equilibria. It is very reasonable
to assumehat customeranove to a differentstrateyy only if
thispromisesasigni cantimprovemenin thecongestionThis
leadsto -robustequilibria de ned asfollows. For some ,

Whataretheeffectsof sucharelaxationontheapproxima-
bility of theequilibriaproblems?t turnsoutthatthe problems
basicallyremaininapproximableaven underrobust equilibria.
Only somespecial,somavhatarti cial casedn which all cus-
tomershave the samethresholdbecomeapproximablenow.

THEOREM 5.1. For any -, bestand worst -robust
equilibria are inapproximable(evenunderuniformpricing).

THEOREM 5.2. If thenthe worst -
robust equilibria problem admitsan FPAS if and is
inapproximableif (assumingarbitrary choicesof prices
anddemands).

The proof of Theorem5.1 (omitted here) can be seen
as a “robust” variant of the proof of Theorem4.1. The
proof of Theorem5.2 relies on an analysisof the min-max
knapsa& problemi.e.,theproblemof packingaknapsackvith
minimum pro t suchthatthe weightis maximal,i.e., no item
canbe addedto the knapsackwithout exceedingits capacity
We give a completecharacterizatiomf the compleity of this
problemthat might be of independeninterest. Beforeit was
only known that the min max knapsackproblemis  -hard
[19]. Despitethe similarity of the min-maxknapsackproblem
to the standardknapsackproblem, we prove that the min-
max knapsak problemis inapproximablealthoughthe latter
problemadmitsan FFAS. More preciselyour resultsare the
following.

THEOREM 5.3. Considerthe min-maxknapsak problem.

(a) If weightsand pro ts are arbitrary then the problemis
inapproximable If weightsand pro ts are equalthenthe
problemadmitsan FPAS.

(b) The -robustmin-maxknapsa& problem( ) de ned
by
admitsan FPASwith running
timepoly - -

6 Adaptivealgorithms and averagecaseanalysis

We continueour analysisof the interval knapsackproblem.
In its generalform the interval knapsackproblemcannotbe
approximatedecausery algorithmthat for arbitrarily small
interval length approximategro ts in polynomialtime could
beusedto decidesubset-sunmstanceslf thespeci edinterval
is large,however, thenthereis nodirectrelationto thehardness
of subset-sumin fact,we cangive anapproximatioralgorithm
for interval knapsackwhoserunningtime adaptsto thelength
of theinterval. Theproof of the next theoremis in Section8.3.

THEOREM 6.1. For any , there is an -
approximation algorithm for the interval knapsak problem
with interval boundaries and having running time

, Whee

This resultis a key to our averagecaseanalysisof the
equilibrium problemfor generalprobability distributions. We
considerthe scenarioin which demandsand thresholdshave
independentontinuousprobability distributions with density
function and anddistribution functions and  (

), respectrely. Pricesareassumedo be a function of the
demandsWe assumehatthe pricing functionis non-neative,
non-decreasingndconcae. Thisis avery naturalassumption
since rational customerscan always achieve concae pricing
functionsby splitting their demandsFor this reasonpasically
all pricing schemesonsideredn the economicliterature(see
Section 3) are concae. Furthermore,we assumethat the
pricing functioncanbe evaluatedn constantime.

The runningtime of ary ef cient averagecasealgorithm
for the equilibrium problem must dependon the input prob-
ability distributions. Otherwise,one could bypassthe inap-
proximability resultspresentedn the previous sectionsby en-
coding worst caseinstancesnto distributions with very high
density In fact, the running of our algorithmincreaseswith
the maximumdensity of the underlying probability distribu-
tions. Let denotethe maximum density over all distribu-
tions, i.e., Let bethe
maximumexpectationover all thesedistributions,thatis,

. Theproof of the next re-
sultcanbefoundin Section8.4.

THEOREM 6.2. Assumethat the pricing function is a non-
negative non-deceasing and concavefunction of demands,
and and areasde nedabove For any ,thereisan
-approximationalgorithmfor the best(worst) equilibria
problemwith expectedrunningtime poly

Theterm — canbe seenasa measureof the amountof
randomnessvailable. (Obsene that one canalwaysscalethe
distributions so that ; this scalingdoesnot changethe
valueof .) If all input variableshave identical uniform
distribution then -, which is the smallestpossible
value. Next, supposean adwersaryspeci es possiblydifferent
Gaussiandistributions (conditioned on positive values) for
the utility thresholdsand demands. Then (by de nition)



correspondso themaximumexpectatiorof ary of thesevalues
and —, with  denoting the minimum standard
deviation over all thesedistributions. Thusthe runningtime
ispoly - — . Hence,the moredispersedhe distributions
are,thesmallertherunningtimeis.

We noticethat theseresultsare not directly relatedto the
averagecaseanalysiof theknapsaclproblemin [1, 2, 10]. For
details,seeour discussiorin Sectionl.2.

7 Algorithms for imperfect information

Let usbrie y summarizethe resultsdiscussedgo far. Onone
hand, our analysesshov completeinapproximability for the
worstcaseinstancesOntheotherhand we haveaverygeneral
averagecaseanalysighatyieldsef cient algorithmsfor various
inputdistributions.In this sectionwe shawv thatthelatterresult
is thekey to obtainef cient algorithmsfor estimatingequilibria
with imperfectinformation

We follow the framawork of Harsaryi [12, 13], who de-
scribedan eleggantmodelto studygamesin which the players
have incompleteinformation. The so-calledHarsanyitrans-
formation oneof theideasfor which he wasawardedthe No-
bel Prizetogetherwith Nashand Selten,convertsgameswith
incompleteinformationinto gameswith completebut imper
fectinformation. Harsalyi considergplayerswho have differ-
entutilities asbeingof differenttypes He proposedhatsuch
gamesemodeledby having Naturemove rst andchooseeach
playertype accordingto a probability distribution. Playersini-
tially know only their own type and the distributions for the
other players,but not the outcomeof the randomchoicesby
Nature.The playersaim at maximizingthe expectedpayof.

The Harsanyi framavork in our settingmeansthat there
is only one player that needsto computeits stratey based
on imperfectinformation. Indeed,in realistic scenariost is
reasonabléo assumehat the provider doesnot know exactly
how the customerswill behae undera given price vector In
contrast, customerscan be assumedo corverge to a Nash
equilibrium by bestresponsestratgieswithout knowing other
playersutilities (this follows from [21, 22]). If pricesare x ed,
then the customerbehaior is determinedby demandsand
utility thresholdstheseparametersle ne the Harsawyi types.
The online provider doesnot know the typesof the customers
but sheknows probability distributionson thesetypes.In order
to maximizeherexpectedpro t, sheis interestedn estimating
the expectedrevenueunderbestandworstequilibria.

Somavhat counterintuitively, we prove that, if the infor-
mationavailableto the provider is not too “precise; thenthe
stochasticequilibria problemsobtainedby the Harsaryi trans-
formationhave smallerworst casecompleity thantheir deter
ministic counterparts.Let the demandsand utility thresholds
have independentontinuougprobability distributionswith dis-
tributionfunctions and ( ), respectiely. Pricesare
de ned by anon-ngjative,non-decreasing;oncae functionof
thedemandsWe needsomefurthertechnicalassumptions:

(1) thereexists  suchthat and

(2) Pr -

,and

The rst assumptiormeanghatthe domainof the probability
distributionsof thedemandsndutility thresholdsaarebounded.
This propertyholdsfor uniform distributions. For otherdistri-
butions,onemight needto cutthetails at somepositionwhere
the probabilitybecomesegligibly small. The secondassump-
tion is mild andseemaaturalaswell. It saysthatthe market
for theofferedserviceis non-emptywith probabilityatleast-.
Now, to obtainanestimatiorof arandomvariable we sam-
ple from the distribution and usethe adaptve algorithmfrom
Theoremb.2to calculatehevalueof thebest(worst)equilibria.
Applying assumption§l) and(2) in a Hoeffding bound,yields
that, for every , one needsonly

sampledo geta -approximatiorof theexpectedrevenue
with probability at least . Now, the key argumentis that
samplinggeneratesveragecasebut not worst caseinstances.
This way, we obtainan ef cient randomizedapproximatioral-
gorithmwith runningtimepoly - - .

In thisscenariotheterm — shouldnotbeinterpretedasan
indicatorof how muchrandomizations available but rather
shouldbe interpretedasa measurdor the degreeof precision
of the informationavailableto the provider. If is constant
thenthe provider essentiallyjknows nothing. Full knowledge
correspondso . If thedegreeof precisionis bounded
by a polynomial, e.g., if all variableshave possiblydifferent
uniform distributions, each of which covering a polynomial
fractionof thedomain , thenwe obtainan FPRAS(fully
polynomialtime randomizedapproximatiorscheme).

THEOREM 7.1. Supposassumptiongl) and (2) are satis ed
and is boundedpolynomially Thenthere is an FPRASfor
the best(worst) equilibria problemwith imperfectinformation.

Obsene, thatby standardechniquesve canachieve determin-
istic polynomialtime insteadof time boundsthat only hold on
expectation. Then,only the approximationguaranteelepends
ontherandomcoin ips madeby thealgorithm.

8 Algorithms and proofs

8.1 Inapproximability We prove here Theorem4.1. As-
sumeuniform pricing with . We shaw, thatfor every
choice of there exist demands  and utility func-
tions  suchthatthevalueof the maximum(minimum)pro t
customerequilibriacannotbe approximatedInsteadof utility
functions  we directly specifythresholds . The 'scan
thenbechoseraccordinglyto satisfy .
We useareductionfroman  -hardsubset-sunproblem
[8]. Givena set , and somenumber
, decidewhether with

. W.l.o.g.,we assumehatall 's are even (otherwisewe
multiply all ‘sand by2.)
Maximization: Considerthe following max prot customer
equilibria problemwith prot equalto demand. There are

regular customers and two specialcustomers: a
“large” customer anda “giant” customer . The demands
andthresholdsregivenin Tablel. Theparametersand can
be chosento satisfy with



We usecustomer asanindicatorfor decidingthe subset-sum knapsak problems.

problem.If thereexistsasolution to thesubset-sunproblem,
then (asgivenin Tablel) is a feasiblesolutionto the best
equilibria problemwith load If thereis no solution
, then no feasible equilibrium  can contain customer
First notice, that thereis no feasiblesolution containingboth

customers and , becausetheir cumulatve demandis
strictly larger than the thresholdof Now assumesome
solution contains  but not Since the demandof the

and moreorer
, which violates

regular customerscannotsumup to exactly
all ‘'sareeven, hasloadatmost

the maximality condition of customer . Henceary feasible
equilibriumexcludes andhasloadatmost . Since and
thereforealso canbechoserarbitrarily large,
ary approximationalgorithm for the bestequilibria problem

canbeusedto decidethe subset-sunproblem.
customer| demands| thresholds |

iff

Tablel: Bestequilibriainstanceandsolution

Minimization: We constructa worst equilibria instancewith
regular customers with demands and
thresholds . Thereis only one specialcustomerwith
demand andthreshold . If thereexistsasolution to
the subset-sunproblem,thenthereis a solution to theworst
equilibria problemwith load . If thereis no suchsolution
, thenary solution containingonly regular customershas
load at most , Violating the maximality constraintof
customer Thus ary feasible solution must contain the
specialcustomerandhasloadatleast . Since andalso
can be chosenarbitrarily large, ary approximationalgorithm
for the worst equilibria problem can be usedto decidethe
subset-sunproblem.

8.2 Reduction to the interval knapsack problem In this
section we presenta reduction from the customerequilib-
ria problemsto the interval knapsackproblem. It will
sene asthe basisto solve the equilibria problemin pseudo-
polynomialtime andto approximateit. We de ne the inter
val knapsackproblemto bethe standard/1 knapsackproblem

with an additionallower boundfor the weight of knapsacks:

. (A
knapsackis feasibleif its weight falls into the in-
tenal .) Theminimizationversionasksfor theminimum
prot knapsack.Notice, thatthe interval knapsackproblemis
inherentlyinapproximable becausdor it requiresto
decidethe subset-sunproblem. On the otherhand,the prob-
lem canbesolvedin pseudopolynomigime by
a straightforward adaptationof the well known dynamicpro-
grammingapproachor the standarcknapsackproblem. Thus,
thefollowing lemmadirectly impliesTheorem3.1.

LEMMA 8.1. Asolutionto thebest(worst) customeequilibria
problemcan be obtainedby solving at most interval

Proof. Let us recall the formulation of the equilibria prob-
lem: ourgoalis to maximize(minimize) undercon-

straints(1.1), (1.2), and (1.3). A solution with load
is feasibleiff thefollowing two conditionshold for
: (i) Maximality condition: if then

, and(ii) Thresholdcondition: if then

The Maximality and Thresholdconditions patrtition the
non-negative numberdor eachcustomer into 3 disjointinter-

all

vals: and . Any feasiblesolu-
tion with load mustsatisfyeither , or ,
or , dependingon theinternval  falls into. We over

lay theseintervalsfor all customerdo partition into
up to so-calledelementaryintervals (eachadditional
customercandivide at most 2 existing elementaryintervals).
Note that elementaryintervals can consistof just one num-
ber andthey canbe openedor closedon both sidesindepen-
dently Eachelementarynterval partitionsthecustomersnto
threesets: IN FREE
ouT .

If the load of a solution in equilibrium falls into the
elementarynterval thennocustomein OUT hasjoinedthe
service all customersn IN musthave joinedthe service,and
therearenorestrictiondor customersn FREE . Thereforewe
partitionthesolutionspacedor theequilibriaproblemaccording
to theload of potentialsolutions.For eachelementarynterval

we solve thefollowing interval knapsackproblem:

s.t.

FREE FREE IN

Theoptimalsolutionto the equilibriaproblemis themaximum
(minimum) over all solutions of the corresponding
interval knapsackproblems. For elementaryintervals that are
openwe canusethe correspondinglosedinterval, becauset
an openendthe restrictionof a variablehaving value or
endsand the variable becomesfree. Thereforethe solution
staysfeasiblefor the equilibria problem. The rst and the
last of the elementanjintervals aretrivial intervals, sincethey
correspondo the completeandemptyknapsackwhich canbe
testedseparately

8.3 Adaptive algorithms for the interval knapsack prob-
lem In this section,we presentan algorithm for the interval
knapsaclkproblemthatadaptgo the lengthof the speci edin-
tenal. Its runningtime increasesinearly with thereciprocalof
theintenval. In particulatr we prove Theorem6.1.

We begin with the algorithmic ideas. We use a two
phaseapproach. In eachphase,we solve a relaxed interval
knapsackproblem. The solution to the rst problem might
misssolutionscloseto the right boundary , andthe solution
to the secondproblemmight miss solutionscloseto the left
boundary . Theunionof bothsolutionswill coverall feasible
solutions. The two relaxed problemsare solved following the
standarddynamicprogrammingalgorithmwith oneadditional



nicetrick: we expandthe dynamicprogrammingableby one
dimensionusedto representan additional vector of arti cial
pro ts correspondingo roundedweights.Theoriginal weights
allow usto strictly enforceoneof thetwo constraintavhile the
roundedweights (= additional pro ts) enableus to take care
alsofor the otherconstraint.

In more detail, we divide the interval equally
into two parts and . Roundingtheweightsvirtually shifts
knapsackpackingsalong the weight dimension. In phasel,
we round up, shifting packingsfrom  to the right, while in
phase2 we round down. When calculatingwith sufcient
accurag, packingsfrom  will not be shifted beyond
and packingsfrom  will not be shifted beyond Thus,
the requiredaccuray dependson the ratio . Let

. LetOpt  denotethe valueof anoptimal
solutionto theinterval knapsackproblemwith interval
An approximatesolutionto interval knapsaclcanbe found by
solvingthefollowing two relaxed subproblems:

Computesolution  with and
Opt
Computesolution  with and
Opt
Clearly, Opt . Wefocusonthe
rst subproblemthe otheronecanbe solvedanalogouslyLet
and , for all , denote

roundedweightsandpro ts, respectrely, wherethe valuesof

and will be setmomentarily For ary , de ne
and . Let denote
the largestweight amongall knapsackpackings with

and The following formula gives a
recursve de nition for all non-trivial valuesof

introducesan absoluteer-
en-

Roundingweightsto multiplesof
ror strictly lessthan Setting
sures Therefore,
. The otherscalingfactoris de ned by

, Where is chosensufciently large. Following a
dynamic programmingapproach,we computethe
valuesfor all evaluation points
sion1,

in dimen-
in dimension2, and
in dimension3, of the three dimen-
sionaltable.Now, de ne

if thereexistsan evaluationpoint
s.t. and
otherwise.

Obsere that infeasiblesubsetqi.e., ) have no
in uence on . Sets with aremappedto an
evaluationpoint with secondcoordinate . Sets

with might be mappedto evaluationpoints with
seconcdcoordinaten but they areexplicitly Itered out
by checking Let denotea setwith

optimalprot in , e,
we concludethat
with weightin and

The size of the dynamic programming table is
needsto be chosen

sufciently large so that all solutionsare covered. W.l.o.g.,
assume -. Thenchoosing Opt is sufcient.
Furthermorejf the computedsolution satis es

then Opt , which follows analogousliyto
the calculationfor the approximationfactor of the standard
knapsackproblem. The problemthat remainsto be solved is
how to determinetheright choicefor . We do this in form of
abinarysearchWe startby setting . If wedonot
nd ary feasiblesolutionthenwe immediatelystopandreturn
Opt . Otherwise,we nd a solution whoseprot

is maximalamongall computedsolutions.If -
then

yieldsprot Opt . Then,
, for someset

sothat isthe -approximatiorthatwe arelooking for.
If - thenwe increasethe accurag by decreasing
thevalueof by afactorof until we nd asolution with

- . Themaximumnumberof iterationsthatwe

needto executeis . Thusthe overall running

timeis . This provesTheorem6.1.

For the averagecaseanalysisin the next section,we need
this resultin a slightly differentform. Let and
denotethe maximum and minimum weight, respectiely. If
pro ts arede ned by a non-decreasingjon-nejative, concae
functionthen——  ——. Thisyieldsthefollowing.

COROLLARY 8.1. Supposepro ts in the interval knapsak
problemare de ned by a non-ngative non-deceasing con-
cavefunctionof weights. Thenthe algorithm above solvesthe

interval knapsak problemin time

8.4 Average-caseanalysis of the equilibria problem We
now prove Theorem6.2. Let be x ed. We rst
usea reductionto the interval knapsackproblemsdescribedn
Section8.2. Eachinterval knapsackproblemwill be solved
usingthe algorithmdescribedn Section8.3. Let
denotethesetof boundarnypointsof theintervals,
with . For analyticalpurposeswe considerthe
intervals for all pairs ,
Considerary with . Note thateach
is of theform or where and arenon-ngative
randomvariableswith densityfunctions and respectiely,
with  being an upperboundon all the expectationsand
— an upperbound on the valuesof all functions We
needto modify the algorithm as follows. If for some , the
sampledvalue is negative, then our algorithm
takesinto accountonly all intervals of the form for all



. We assumehusthatset doesnot containary
interval with , but instead. Moreover, if
we aregivenanintenal , thenthe algorithm
solvesonly the interval knapsackproblemin intervals
and where
and
not considerinterval

. Thatis, the algorithmdoes
itself. Thus,our algorithm

considersonly intervals of theform ,
, Where and , .
Letus x anintenal . Let bearandom

variable denotingthe running time of our algorithm for the
interval knapsackproblemon intenal . Let

If for some , then we use a brute
force exact algorithm with running time Note, that
this part contributesan to the expectedrunningtime,

sincePr . Inthesamewaythe
algorithmalsochecksf .
If ,and for , thenwe

call theadaptve algorithmfrom Section8.3. Therunningtime

of this algorithm is by Corollary
8.1,where and .

Our algorithmonly considerdntervals of the
form , where and ,

. Thus,for the analysisof the expectedrunning

time of the part we can assumethat possible
valuesof thatmayappeaiin areworstcasex ed
numbers.This canonly decreas¢he expectationsof and
so isstill anupperboundontheseexpectationsandthis does
notaffectthe upperbound.This meanghatwe cantreatthe
two parts and in the running

timeindependentlyTheexpectedunningtime overall interval
knapsaclkproblemss by linearity of expectatiorboundedy:

— E —— E

Lemmas8.2, 8.3 below prove upperboundsonE ——

andonE . After applyingthesdemmaswe can
obtainthefollowing upperboundontheexpectedunningtime:

LEMMA 8.2. Let
ables with densityfunctions ,

betwo givencontinuousandomvari-
, respectively and

let be two xed worst-casenumbes. Let
’ E E )
. De ne new randomvariables
and and

Then, the expectationof randomvariable  can be bounded
as:E

Proof. The expectation can be upperbounded in the
following way: E E

E -
Soit sufces to boundE

Let Obsere that

and
then . Also if , then
Obsenre, thattherandomvariables

, andif

have discontinu-

ity atvalue ,andE andE . Also, obsenethat
in therangeof values wecanuse and asdensity
functionsfor and

Let be x ed, and ——. Supposerst that
Pr . We canwrite:
E
By changingthe variableto , since ,
we obtain that: E

Supposeow thatPr . Then
E E E

where isadensityfunctionof randomvariable . Let
usobsene, thatfor arny we have ——. Wecan
thereforewrite that:

E

Finally, we obsene that , sowe havethat: E

E E

E

LEMMA 8.3. Let be given non-ngative
continuousrandom variables with density functions
respectively Let
, E ,
De ne —if
and otherwise Let ,
thenwehave:E

, and



Proof. Usingthelinearity of expectationwe canwrite:

E E

E E

Since is aconcae function,we canapply the well-known
Jensers inequalityto the rst term:

E E

By using the linearity of expectationwe obtain the fol-
lowing: E E -

— E —
Jensersinequalityto the seconderm:

Now we apply

E _— E —— E

E — E
andsoit sufces to bound:

E —

wherewe have usedthefactthat
. Puttingthetwo boundstogetherwe obtainthe claim.
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