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Abstract

We studyalgorithmicquestionsconcerninga basicmicroeco-
nomiccongestiongamein which thereis a singleprovider that
offers a serviceto a set of potential customers. Each cus-
tomerhasa particulardemandof serviceandthe behavior of
the customersis determinedby utility functionsthat arenon-
increasingin thecongestion.Customersdecidewhetherto join
or leave the servicebasedon the experiencedcongestionand
theofferedprices.Following standardgametheory, weassume
eachcustomerbehavesin themostrationalway. If thepricesof
serviceare�x ed,thensuchacustomerbehavior leadsto apure,
notnecessarilyuniqueNashequilibriumamongthecustomers.
In orderto evaluatemarketing strategies,the serviceprovider
is interestedin estimatingits revenueunderthebestandworst
customerequilibria. We studythecomplexity of this problem
underdifferentmodelsof informationavailableto theprovider.

� We�rst considertheclassicalmodelin whichtheprovider
hasperfectknowledgeof the behavior of all customers.
We presenta completecharacterizationof thecomplexity
of computingoptimalpricing strategiesandof computing
bestandworstequilibria. Basically, weshow thatmostof
theseproblemsare inapproximablein the worst casebut
admitan“average-caseFPAS.” Our averagecaseanalysis
covers generaldistributions for customerdemandsand
utility thresholds. We generalizeour analysisto robust
equilibria in which playerschangetheir strategies only
whenthispromisesasigni�cant utility improvement.

� We extendouranalysisto a morerealisticmodelin which
the provider hasincompleteinformation. Following the
gametheoreticframework of Bayesiangamesintroduced
by Harsanyi, weassumethattheprovideris awareof prob-
ability distributions describingthe behavior of the cus-
tomersandaimsat estimatingits expectedrevenueunder
bestandworstequilibria. Somewhatcounterintuitive,we
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obtainanFPRASfor theequilibriaproblemin themodel
with imperfectinformationalthoughtheproblemwith per-
fect information is inapproximableunderthe worst case
measures.In particular, theworst casecomplexity of the
consideredstochasticequilibria problemsincreaseswith
theprecisionof theavailableknowledge.

1 Intr oduction

We investigatecomputationalaspectsof a classicaleconomic
gamein a market in which a single provider offers a service
to a setof potentialcustomers.We considera sel�sh provider
whosegoal is to maximizeits revenue. Eachcustomeris as-
sumedto have a particulardemandof serviceandthe quality
of servicedecreaseswith the congestion, i.e., the sumof the
serveddemands.We considera modelin which thecustomers
do not cooperatewith eachotherandthecustomerbehavior is
determinedby utility functions. The utility functionsare as-
sumedto benon-increasingin thecongestionandthey specify
whethera customerjoins or leavestheservicebasedon theof-
feredpricesandthe experiencedcongestion.If all pricesare
�x ed thensucha customersbehavior leadsto an equilibrium
amongthecustomers,commonlyknownasaNashequilibrium.
Therefore,from theperspective of theprovider it is important
to understandthe behavior of the customersin Nashequilib-
ria. In general,theprovidermaybeinterestedin many possible
scenarios.For example,if sheis optimisticthenshemight aim
at settingup pricessuchthat the revenueunderthe bestcus-
tomer equilibria is maximized. A more pessimisticprovider
couldbe interestedin maximizingthepro�t underworst equi-
libria or minimizing thegapbetweenbestandworstequilibria
to minimizeeconomicrisk.
The model. In this paperwe considerthe following game
that correspondsto the scenariodescribedabove. Supposea
provider wantsto sell anon-lineserviceto a setof � potential
customers.Every customer� is assumedto have a demandof
service
�� . For the time beinglet usassumethat theprovider
committedto a particularprice vector. Let ��� denotetheprice
offered to customer����� ��������������� �!�"�$# . Furthermore,let
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� denotean indicator variable that is � if customer � joins
the serviceand & otherwise.Then,the pro�t (revenue)of the
provider is de�ned as '
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� . Due to congestioneffects,the
qualityof serviceisassumedtobenon-increasingwith theload,
which is theallocateddemand
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� . Therefore,theutility
of a customeris a non-increasingfunction of the load. For

�)�*� ��� , let +
�-,/.$021435.$0 denotethe utility function of



customer� mappinga loadvalueto themaximumpricethatthe
customeris willing to payfor a serviceunderthis load. In this
way, thepayoff of acustomer� is + �

�
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%

���

1 �(� in casehe
joins theservice(i.e. %

� � � ), andis zerootherwise.
We assumea classicalgametheoreticsettingin which a

customeris willing to join the serviceif the payoff is non-
negative, andhe refusesthe serviceotherwise. If the payoff
is zero then the customeris ambivalent. An allocation of
customersin which it is impossiblefor any single customer
to improve his payoff is calleda customerNashequilibrium.
In this paperwe investigatetwo critical propertiesof customer
Nashequilibria: which customersjoin theserviceandwhat is
thepro�t obtainedby theprovider.

Let usobserve that theregion of allocationsin anequilib-
rium is describedby thefollowing constraints:
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More speci�cally, the equilibria de�ned by thesecon-
straintsarecalledpure equilibria. If we relax the integrality
andassume%

� � � & � �!� thenwe obtainso-calledmixedequilib-
ria. In this study, we will focusonpureequilibria.

Assumingthat the pricesare �x ed, we can simplify the
descriptionof pure customerequilibria as follows. Since + �

arenon-increasingfunctions,wecande�ne (utility) thresholds1
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Condition(1.1) is calleda maximalityconstraint and(1.2) – a
thresholdconstraint. Observe, thattheproblemof maximizing
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� subjectto the constraintsabove (the bestequilibria
problem)generalizesthe maximumknapsackproblem. The
only difference is that in the knapsackproblem all utility
thresholds




� areidentical. Of course,in the typical knapsack
formulationthemaximalityconstraintis notspeci�edexplicitly
as it is ful�lled implicitly by pro�t maximization. However,
if customershave different thresholdsthen the maximality
constraint is crucial. The problem of minimizing
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subjectto (1.1)-(1.3),is calledtheworstequilibria problem.
Congestiongames.Assuming�x edprices,our gameis called
a congestion game in the literature. This class of games
hasbeenintroducedby Rosenthal[27] andsincethenstudied
extensively (see,e.g., [14, 21, 22, 23, 31]). In Rosenthal's
modelplayerschoosea subsetof availablefacilities,andeach
facility has an associatedutility function. A payoff to a
player from a facility is a function dependingon the number
of all playersthat choosethis facility. Rosenthalshows that
there always exists a pure strategy Nash equilibrium in his
model. A model that is closer to our has beenstudiedby

1If function ��� is notstrictly decreasing,weextendthede®nitionof �����

�

in
thenatural,obviousway.

Milchtaich [21, 22]. In a so-calledunweightedcrowding
(congestion)game, every player hasa player-speci�c payoff
function that dependson the strategy he plays and on the
numberof playersthatchoosethesamestrategy. In a weighted
crowding (congestion)gameeachplayer � hasa weight 
 � ,
and the payoff function of a player dependson the sum of
the weightsof all playerschoosingthe samestrategy. In this
terminology, our gameis a weightedcongestiongamewith
player-speci�c payoff functionsin which eachplayerhastwo
strategies.Milchtaich[21] showsthatsuchgamesalwaysadmit
pure Nashequilibria, i.e., thereexists a vector %

�*� & ��� #��

(usuallymany suchvectors)thatful�lls themaximalityandthe
thresholdconstraintsde�ned above.
1.1 Summary of new results Themain themeof this paper
is to understandthecomplexity of determiningthreeimportant
propertiesof the game describedabove: what is the best
pricing schemefor theprovider, which customerswill join the
servicein customerbest/worstNashequilibria,andwhatis the
provider'spro�t in best/worstNashequilibria.
Basic model. We begin with the classicalmodel in which
the provider hasperfectknowledgeaboutthe behavior of all
customers. We provide a completecharacterizationof the
complexity of computing best and worst equilibria, and of
computingoptimalpricingstrategiesin this model.

� We giveanFPAS2 to computerevenuemaximizingprices
assumingthattheprovidercanoffer anindividualpriceto
everycustomerindependentof thecustomersdemand.

� Individual pricing is often consideredunrealistic. Eco-
nomic literatureusuallyassumesthatpricesarefunctions
of thedemands.Underthis assumption,we show theex-
istenceof apseudopolynomialtimealgorithm.

� We show that the pseudopolynomialtime algorithmcan-
not be transformedinto an FPAS. In fact, we prove that
evenunderuniformpricingfunctions(i.e.,pricesareequal
to demands)theproblemis inapproximable3. Evenfor �at
ratepricing (i.e., �x ed price, samefor all customers)the
bestpossibleapproximationratio is �

���

�

� .

In addition,we studymorerobustequilibria conceptsthat
avoid thrashingeffects. We show thatevenundertheserobust
equilibria, mostof the consideredproblemsremaininapprox-
imable. Only somespecial,somewhat restrictive cases,e.g.,
if all customershave thesameutility threshold,admitef�cient
approximationalgorithms.
Average caseanalysis. Despitethe pseudopolynomialalgo-
rithm,mostof theproblemsareinapproximableundertheworst
casemeasures.In economicliteratureone typically doesnot
considerthe worst casescenarios(which almostnever appear

2FPAS or FPTAS standsfor a fully polynomialtimeapproximationscheme.
FPRASmeansa fully polynomialtimerandomizedapproximationscheme.

3Throughoutthis paper, the term “inapproximable” meansthat for any
polynomial time computablefunction � �"!$# , the consideredproblemcannot
beapproximatedwithin a factorof � �%!&# in polynomialtime,unless')(+*
' .



in real life applications)but rathermakessomestochasticas-
sumptionsaboutthe input. Therefore,we turn our attentionto
average caseanalysisandour goal is to considerinput distri-
butionsthatareasgeneralaspossible.

Thepseudopolynomialalgorithmsfor theequilibriaprob-
lems arebasedon a reductionto the interval knapsackprob-
lem, i.e., thestandard0/1knapsackproblemwith anadditional
lower boundon the weight of knapsackpacking. This prob-
lem cannotbe approximatedin its generalform assettingthe
interval lengthto somesmallnumberallows to decidethe ��� -
hardsubset-sumproblembasedon approximatesolutionsfor
the interval knapsackproblem. We can prove, however, that
thereis anadaptiveapproximationschemewhoserunningtime
dependslinearly on thereciprocalof thelengthof theinterval.
Thisadaptivealgorithmis thebasisfor ouraveragecaseanaly-
sisof theequilibriaproblem.

In our averagecaseanalysis,we considera very general
model, where the demandsand utility thresholdsmay have
arbitrary, continuousprobability distributions4 with bounded
meananddensity. Differentdemandsanddifferentthresholds
can have different distributions. Our main contribution here
is the designandanalysisof an approximationschemewhose
expectedrunning time dependson the maximumdensityand
themaximumexpectationoverall probabilitydistributions.To
give a simple exampleof the performanceof this scheme,if
all demandsare uniformly sampledfrom � & ����� andall utility
thresholdsaresampledfrom � & �"��� , thenweobtainan“average-
caseFPAS.” Observe, that undersucha distribution, the ratio
betweenthesmallestandlargestinputnumbersis only polyno-
mial. This,however, by nomeansimpliesthatthepseudopoly-
nomial time algorithmcan be usedto obtain an approximate
solution.Thecrucialpropertyto obtaintheaverage-caseFPAS
is thattherearenosmallintervalsin theinterval knapsackprob-
lemto whichwe reducetheequilibriaproblems.
Modelswith incompleteinformation. Finally, following eco-
nomicliterature,weturnourattentionto amorerealisticmodel
in which the provider has incompleteinformation about the
customerbehavior. Following the gametheoreticframework
of Harsanyi [12, 13], we assumethat the provider is awareof
probabilitydistributionsdescribingthecustomerbehavior and
aims at estimatingits expectedrevenueunderbestandworst
equilibria. On a �rst view, this Bayesianvariantof the equi-
libria problemmight seemevenharderthantheproblemunder
perfectinformation. However, we canprove the existenceof
an FPRAS(fully polynomial time randomizedapproximation
scheme)undersomemild assumptionsaboutthe imperfectin-
formation. (Notice that the runningtime bounddoesnot refer
to therandominput anymorebut to thecoin �ips madeby the
algorithm.) In principle,our analysiscoversgeneralprobabil-
ity distributionswith boundeddomain. If thedistributionsare
“well dispersing”then we achieve polynomial running time.
The more “concentrated”the distributions are, the larger the
runningtime becomes.Thus,somewhatsurprisingly, thecom-
plexity of theequilibriaproblemsincreaseswith theprecision

4All our resultscaneasilybegeneralizedto discretedistributionsaswell.

of theavailableknowledge.

1.2 Previous and related work Previous work in (eco-
nomic)gametheorythatconsideredthesameor similar to our
modelshasalreadybeendiscussedin the introductionunder
“congestiongames.” From the computationalviewpoint there
areresultsonthecomplexity of computingequilibriain aparal-
lel link game[6, 7], in normalform gamesandBayesiangames
[3] (seealsothereferencestherein).Thesepapersmostlyprove
that computingequilibriawith somepropertiesis hard. Com-
plexity of equilibriain a marketexchangegamewasstudiedin
[4, 5]. For example,Feldmannet al. [7] have given an FPAS
for computingthebestequilibriain asimpleparallellink game.

Wenow brie�y discusssomepreviouswork onalgorithmic
aspectsof gameswith incompleteinformation. A classical
model of auctiondesignis given a seller who wants to sell
a single (or multiple) item(s) to potential customers. Each
customerhasa privatevaluationof the item. The selleronly
knows a probability distribution over possiblevaluesof the
valuationsand her goal is to designa strategy (auction) of
which customergets the item and for what price in order
to maximizeher expectedrevenue. This simple model does
not considercongestionissues. Ronen[25] has given a � -
approximateauctionin this model.Theseresultsalsohold in a
Bayesiancontext. No deterministicpolynomial time auction
from a natural class of auctionscan do better than a ����� -
approximation,seeRonenandSaberi[26].

Several studies,e.g., [1, 2, 10], deal with averagecase
analysisfor the knapsackproblem. In contrastto our work,
thesestudiesassumethatpro�ts areindependentof theweights
(i.e.,demandsin our terminology5), andthey studyexactalgo-
rithms. In our analysis,pro�ts arefunctionsof weights.In this
case,onecannothopeto getexactalgorithms,which is related
to breakingso-calledknapsackcrypto-systemswhosehardness
is basedon thehardnessof randomsubset-suminstances(i.e.,
knapsackwith pro�ts equalto weights)[15].

In thestochasticknapsackproblemtherearegiven � items
with randomweightswith associatedpro�ts andtheknapsack
capacity. The objective is to �nd a knapsackpacking that
maximizesthe expectedpro�t or maximizesthe pro�t under
an additionally given over�ow probability. Kleinberg et al.
[16] have given a 	

�

�

� -approximationalgorithm for general
independentdistributions. Goel and Indyk [9] improve on
this result by giving approximationschemesfor particular
distributions, e.g., exponentialor Bernoulli. Translatingour
resultinto thissetting,wedonotcomputeaparticularknapsack
packingbut theexpectedpro�t of optimalknapsackpackings.
Other differencesare that we assumethat pro�ts dependon
weights (demands),and we considerharderproblemswhich
in contrastto the standardknapsackcannotbe approximated
within any factorif theweightsareadversarial.

More detailedreferencesespeciallyto the relatedwork in
economicsandgametheorywereeitherdiscussedbeforein the
introductionor will appearfurtherin thetext.

5In our considerationsrelatedto knapsackswe will rather use the term
weightinsteadof demand.



Outline. Sections2 through7 describeour resultsin more
detail,andSection8 containsthemostinterestingproofs.

2 An FPAS for individual pricing

We �rst consider the simplest (but also the least realistic)
model in which the provider can offer an individual price
to every customer. Pricesneednot dependon the demand
of the customer, that is, the provider is allowed to use an
arbitrary price vector �

�

��� ��� � �

�

. Under such assumptions,
the maximality constraintin the descriptionof the customer
equilibria can be avoided by assigningvery high prices to
thosecustomersthatareunwanted.As a consequence,for the
optimal individual pricevectorthereis only oneequilibriaand
theprovider doesnot have to distinguishbetweenthebestand
worstequilibria. We assumethat theutility functions + �

���

� are
known and +��

���

� aswell as + � �

�

���

� canbeevaluatedin constant
time. In sucha model we can provide a strongalgorithmic
resultwhoseproof is omittedin thisextendedabstract.

THEOREM 2.1. Under individual pricing there is a price vec-
tor thatmaximizestheprovider'spro�t anduniquelydetermines
thebehaviorof each customer. Furthermore, there is an FPAS
for approximatingsuch anoptimalpricevectorandfor approx-
imatingtheoptimalequilibrium.

Individualpricing,however, is usuallyconsideredto beun-
realistic for an on-line serviceprovider. Most studiesin eco-
nomicsdealwith pricing schemes, wherepricesaremonotone
functionsof thedemand,see,e.g.,[11, 18, 24, 28, 29, 30].

3 Pseudopolynomialalgorithms for more realisticpricing

Economicliterature focusesmostly on the following classes
of pricing schemes:uniform pricing: a function of the form
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& ; block
pricing: � is apositive,piece-wiselinearfunction;and�at rate:
someconstantfunction. In the context of an on-line service
provider, block pricing seemsto be the most relevant pricing
scheme.In practice,customersareofferedasmallcollectionof
so-calledpricing plans(i.e., linearpricefunctions)from which
eachcustomercanchoosethebestoffer w.r.t. hisdemand.

Previouswork in economics(see,e.g.,[11, 17, 18, 20, 24,
28, 29, 30]) focusesmostlyonexplicit analyticaldescriptionsof
equilibria.With thisknowledge,pricingschemesarethencom-
putedbasicallyby enumeratingall possiblepricing schemes
from a givenclassof pricing schemes.However, thecomputa-
tion of theequilibriavaluesof ourcongestiongameis NP-hard
and hencedoesnot have sucha closedform representation.
Consequently, the provider needsmoreadvancedalgorithmic
solutionsin orderto computethevalueof worstandbestequi-
libria. In fact,we canprove that thereis a pseudo-polynomial
time algorithm for computingbestand worst customerequi-
libria underarbitrary price vectors. Recall that pricestrans-
late into thresholds,that is, theinput consistsof thethresholds
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. All
thesevaluesareassumedto bepositive integers.

THEOREM 3.1. There is a pseudopolynomialtime algorithm
for computingthe best (worst) customerequilibria for any
givenpricevector.

This algorithm is basedon a similarity of the equilibria
problemandtheknapsackproblem.In fact,wereducetheequi-
libria problemto avariantof theknapsackproblemthatwecall
interval knapsack, and we then show that the pseudopolyno-
mial time algorithm for knapsackalso works for the interval
knapsackproblem.This theoremis provedin Section8.2.

The theoremhasimmediateconsequencesfor the calcu-
lation of optimal pricing schemesfor bestor worst customer
equilibria.For example,considerblock pricingwith a constant
numberof pricing plans. Thereis only a pseudopolynomial
numberof waysto chooseaconstantnumberof differentpiece-
wise linear functions. Thus,all block pricing schemescanbe
checkedin pseudopolynomialtime to determinethebestone.

4 Inappr oximability of equilibria and of pricing

Having a pseudopolynomialtime algorithmfor a problem,it
is often possibleto transformit into an FPAS. Unfortunately,
thisdoesnotwork for computingbestandworstequilibria.We
show that theseproblemsareessentiallyinapproximable,even
underuniform pricing, which basicallymeansthat pricesare
equalto demands.Theproof of Theorem4.1 canbe found in
Section8.1.

THEOREM 4.1. Thebestandworst customerequilibria prob-
lemsare inapproximableunderuniformpricing.

This negative result implies thatnot only thebest(worst)
equilibriaproblemfor anarbitraryuniform pricing function is
inapproximablebut sois theproblemof computingbest(worst)
equilibria problemwhenthe optimal uniform pricing function
is given. To seethis, supposethe input of theuniform pricing
problemare integers
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� and0 otherwise.Then,theoptimaluniform pricing
schemeis �4� � 
�� for all � � � ��� . An approximationof the
revenuethatcanbeobtainedby thesepricesunderbest(worst)
equilibria,however, givesalsoanapproximationof thevalueof
the underlyingbest(worst) equilibria itself and,hence,is not
possible.

COROLLARY 4.1. The best and worst customerequilibria
problemsare inapproximableevenwhenthe optimal uniform
pricing functionis given.

Still, this inapproximabilityresult leavesa hopethat one
might manageto computetheoptimalpricing functionwithout
being able to approximatethe revenueit yields. In fact, in
theaboveexamplethecomputationof thebestpricing scheme
itself was trivial. The following theorem, whose proof is
omitted,showsthatnotonly computingtheoptimalrevenuebut
alsocomputingthepricesthatleadto thisrevenueis dif�cult by
itself. We restrictour attentionto thesimplestpossiblepricing
scheme:�at ratesandthebestequilibriaproblem.
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� cannotbecalculatedin
polynomialtime, unless��� � � .

5 (In)A pproximability of robust equilibria

All inapproximabilityresultsabove rely on a very carefuland
adversarialchoice of the utility thresholdss.t. even a slight
changeof thresholdsleadsto thrashingeffects. This raisesthe
questionsof how the complexity of the problemwill change
if we considermore“robust” equilibria. It is very reasonable
to assumethat customersmove to a differentstrategy only if
thispromisesasigni�cant improvementin thecongestion.This
leadsto � -robustequilibria de�nedasfollows.For some�
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Whataretheeffectsof sucharelaxationontheapproxima-
bility of theequilibriaproblems?It turnsout thattheproblems
basicallyremaininapproximableevenunderrobustequilibria.
Only somespecial,somewhatarti�cial casesin which all cus-
tomershavethesamethresholdbecomeapproximablenow.

THEOREM 5.1. For any &
�

���

�

� , bestandworst � -robust
equilibria are inapproximable(evenunderuniformpricing).

THEOREM 5.2. If
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then the worst � -
robust equilibria problem admits an FPAS if �

�

& and is
inapproximableif � � & (assumingarbitrary choicesof prices
anddemands).

The proof of Theorem5.1 (omitted here) can be seen
as a “robust” variant of the proof of Theorem 4.1. The
proof of Theorem5.2 relies on an analysisof the min-max
knapsack problem,i.e.,theproblemof packingaknapsackwith
minimum pro�t suchthat the weight is maximal,i.e., no item
canbe addedto the knapsackwithout exceedingits capacity.
We give a completecharacterizationof thecomplexity of this
problemthat might be of independentinterest. Before it was
only known that the min max knapsackproblemis ��� -hard
[19]. Despitethesimilarity of themin-maxknapsackproblem
to the standardknapsackproblem, we prove that the min-
max knapsack problemis inapproximablealthoughthe latter
problemadmitsan FPAS. More preciselyour resultsare the
following.

THEOREM 5.3. Considerthemin-maxknapsack problem.

(a) If weightsand pro�ts are arbitrary then the problemis
inapproximable. If weightsandpro�ts are equalthenthe
problemadmitsanFPAS.

(b) The � -robustmin-maxknapsack problem( � � & ) de�ned
by ����� � '
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timepoly
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6 Adaptivealgorithms and averagecaseanalysis

We continueour analysisof the interval knapsackproblem.
In its generalform the interval knapsackproblemcannotbe
approximatedbecauseany algorithmthat for arbitrarily small
interval lengthapproximatespro�ts in polynomial time could
beusedto decidesubset-suminstances.If thespeci�edinterval
is large,however, thenthereis nodirectrelationto thehardness
of subset-sum.In fact,wecangiveanapproximationalgorithm
for interval knapsackwhoserunningtime adaptsto the length
of theinterval. Theproofof thenext theoremis in Section8.3.

THEOREM 6.1. For any  � � & ����� , there is an
�
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approximation algorithm for the interval knapsack problem
with interval boundaries ! and " having running time
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This result is a key to our averagecaseanalysisof the
equilibrium problemfor generalprobability distributions. We
considerthe scenarioin which demandsand thresholdshave
independentcontinuousprobability distributionswith density
function D � and E � anddistribution functions F$� and G � ( � �

� ��� ), respectively. Pricesareassumedto be a function of the
demands.We assumethatthepricing functionis non-negative,
non-decreasingandconcave. This is a verynaturalassumption
sincerational customerscan always achieve concave pricing
functionsby splitting their demands.For this reason,basically
all pricing schemesconsideredin theeconomicliterature(see
Section 3) are concave. Furthermore,we assumethat the
pricing functioncanbeevaluatedin constanttime.

The runningtime of any ef�cient averagecasealgorithm
for the equilibrium problemmust dependon the input prob-
ability distributions. Otherwise,one could bypassthe inap-
proximability resultspresentedin theprevioussectionsby en-
coding worst caseinstancesinto distributions with very high
density. In fact, the running of our algorithm increaseswith
the maximumdensityof the underlyingprobability distribu-
tions. Let H denotethe maximumdensityover all distribu-
tions, i.e., H �I���&	

�&JLKNM�O1P�Q
�RD

�

�
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# . Let T be the
maximumexpectationover all thesedistributions,that is, T �
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# . Theproofof thenext re-
sult canbefoundin Section8.4.

THEOREM 6.2. Assumethat the pricing function is a non-
negative, non-decreasing, and concavefunction of demands,
and H and T areasde�nedabove. For any  /� � & � �!� , thereis an

�

�
1

 

� -approximationalgorithmfor thebest(worst)equilibria
problemwith expectedrunningtimepoly

�

� �

� �

�(H�T

� .

The term
�

ZR[ canbe seenasa measureof the amountof
randomnessavailable. (Observe thatonecanalwaysscalethe
distributionsso that T � � ; this scalingdoesnot changethe
value of H�T .) If all input variableshave identical uniform
distribution then H�T �

�

� , which is the smallestpossible
value. Next, supposean adversaryspeci�espossiblydifferent
Gaussiandistributions (conditioned on positive values) for
the utility thresholdsand demands. Then T (by de�nition)



correspondsto themaximumexpectationof any of thesevalues
and H � �

�

��

� , with � denoting the minimum standard
deviation over all thesedistributions. Thus the running time
is poly

�

� �

� �

�

[

�

� . Hence,the moredispersedthe distributions
are,thesmallertherunningtime is.

We noticethat theseresultsarenot directly relatedto the
averagecaseanalysisof theknapsackproblemin [1, 2, 10]. For
details,seeourdiscussionin Section1.2.

7 Algorithms for imperfect information

Let us brie�y summarizethe resultsdiscussedso far. On one
hand, our analysesshow completeinapproximability for the
worstcaseinstances.Ontheotherhand,wehaveaverygeneral
averagecaseanalysisthatyieldsef�cient algorithmsfor various
inputdistributions.In thissection,weshow thatthelatterresult
is thekey to obtainef�cient algorithmsfor estimatingequilibria
with imperfectinformation.

We follow the framework of Harsanyi [12, 13], who de-
scribedan elegantmodelto studygamesin which the players
have incompleteinformation. The so-calledHarsanyi trans-
formation, oneof the ideasfor which hewasawardedtheNo-
bel Prizetogetherwith NashandSelten,convertsgameswith
incompleteinformation into gameswith completebut imper-
fect information. Harsanyi considersplayerswho have differ-
entutilities asbeingof differenttypes. He proposedthatsuch
gamesbemodeledbyhavingNaturemove�rst andchooseeach
playertypeaccordingto a probabilitydistribution. Playersini-
tially know only their own type and the distributions for the
other players,but not the outcomeof the randomchoicesby
Nature.Theplayersaimat maximizingtheexpectedpayoff.

The Harsanyi framework in our settingmeansthat there
is only one player that needsto computeits strategy based
on imperfect information. Indeed,in realistic scenariosit is
reasonableto assumethat the provider doesnot know exactly
how the customerswill behave undera given price vector. In
contrast,customerscan be assumedto converge to a Nash
equilibriumby bestresponsestrategieswithout knowing other
playersutilities (this follows from [21, 22]). If pricesare�x ed,
then the customerbehavior is determinedby demandsand
utility thresholds;theseparametersde�ne the Harsanyi types.
Theonlineprovider doesnot know the typesof thecustomers
but sheknowsprobabilitydistributionson thesetypes.In order
to maximizeherexpectedpro�t, sheis interestedin estimating
theexpectedrevenueunderbestandworstequilibria.

Somewhat counter-intuitively, we prove that, if the infor-
mationavailableto the provider is not too “precise,” thenthe
stochasticequilibriaproblemsobtainedby theHarsanyi trans-
formationhave smallerworstcasecomplexity thantheir deter-
ministic counterparts.Let the demandsandutility thresholds
haveindependentcontinuousprobabilitydistributionswith dis-
tribution functionsF$� and G � ( � � � ��� ), respectively. Pricesare
de�nedby anon-negative,non-decreasing,concavefunctionof
thedemands.We needsomefurthertechnicalassumptions:

(1) thereexists � suchthat F$�

�

�

�

� � and G �

�

�

�

� � , and

(2) Pr � � �
,



� �




�
� �

�

� .

The �rst assumptionmeansthat thedomainof theprobability
distributionsof thedemandsandutility thresholdsarebounded.
This propertyholdsfor uniform distributions. For otherdistri-
butions,onemight needto cut thetails at somepositionwhere
theprobabilitybecomesnegligibly small. Thesecondassump-
tion is mild andseemsnaturalaswell. It saysthat themarket
for theofferedserviceis non-emptywith probabilityat least

�

� .
Now, to obtainanestimationof arandomvariable,wesam-

ple from the distribution andusethe adaptive algorithmfrom
Theorem6.2to calculatethevalueof thebest(worst)equilibria.
Applying assumptions(1) and(2) in aHoeffding bound,yields

that, for every � �L 

�

& , one needsonly 	 #��

�

�	�

�

-C/ 0 #

�


 <3<

samplesto geta
�

���  

� -approximationof theexpectedrevenue
with probabilityat least � 1 � . Now, thekey argumentis that
samplinggeneratesaveragecasebut not worst caseinstances.
This way, we obtainanef�cient randomizedapproximational-
gorithmwith runningtimepoly

�

� �

� �

�(H�T �

-C/ 0

�

�


 � � .
In thisscenario,theterm

�

ZR[ shouldnotbeinterpretedasan
indicatorof how muchrandomizationis available,but ratherH�T

shouldbe interpretedasa measurefor thedegreeof precision
of the informationavailableto the provider. If H�T is constant
then the provider essentiallyknows nothing. Full knowledge
correspondsto H�T ��
 . If thedegreeof precisionis bounded
by a polynomial, e.g., if all variableshave possiblydifferent
uniform distributions, eachof which covering a polynomial
fractionof thedomain � & ��� � , thenwe obtainanFPRAS(fully
polynomialtime randomizedapproximationscheme).

THEOREM 7.1. Supposeassumptions(1) and(2) are satis�ed
and T H is boundedpolynomially. Thenthere is an FPRASfor
thebest(worst) equilibria problemwith imperfectinformation.

Observe,thatby standardtechniqueswecanachievedetermin-
istic polynomialtime insteadof time boundsthatonly hold on
expectation.Then,only theapproximationguaranteedepends
on therandomcoin �ips madeby thealgorithm.

8 Algorithms and proofs

8.1 Inappr oximability We prove here Theorem4.1. As-
sumeuniform pricing with �

�
�

�



� . We show, that for every

choiceof �

�
. 0 thereexist demands


� and utility func-
tions +

� suchthat thevalueof themaximum(minimum)pro�t
customerequilibriacannotbeapproximated.Insteadof utility
functions +�� we directly specify thresholds




� . The +�� 's can
thenbechosenaccordinglyto satisfy




� � +����

�

�

�


��

� .
We usea reductionfrom an � � -hardsubset-sumproblem

[8]. Given a set ���

�

��� �������

�

# , & ���!� ��� andsomenumber
�

��� , decidewhether ����� ��������� � �"�$# with '

�����

�!� �

�
. W.l.o.g., we assumethat all � � 's are even (otherwisewe

multiply all �!� 's and
�

by 2.)
Maximization: Considerthe following max pro�t customer
equilibria problem with pro�t equal to demand. There are

� regular customers� � �������"� and two specialcustomers: a
“large” customer! anda “giant” customerG . The demands
andthresholdsaregivenin Table1. Theparameters� and E can
be chosento satisfy �

���
� �"!

E with �
�

'

�$#

�

#

�

�
� .



WeusecustomerG asanindicatorfor decidingthesubset-sum
problem.If thereexistsasolution � to thesubset-sumproblem,
then %�� (asgiven in Table1) is a feasiblesolutionto the best
equilibria problemwith load E 	 �

. If there is no solution
� , then no feasibleequilibrium % can contain customer G .
First notice, that thereis no feasiblesolutioncontainingboth
customers ! and G , becausetheir cumulative demand is
strictly larger than the thresholdof G . Now assumesome
solution % contains G but not ! . Since the demandof the
regular customerscannotsumup to exactly � andmoreover
all 
 � 's areeven, % hasloadatmost E 	 � 1 � , whichviolates
the maximality conditionof customer! . Henceany feasible
equilibriumexcludesG andhasloadatmost

� 	 � . SinceE and
thereforealso

�

E 	 �

�

�

�

� 	 �

� canbechosenarbitrarily large,
any approximationalgorithm for the bestequilibria problem
canbeusedto decidethesubset-sumproblem.

customer demands thresholds %��

� � ��� �!�"� 
 � � � �




� �
E 	 �

%��

�

� � if f � � �

G 
�� � E




� � E 	 �

%��

�

� �
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*

���




*

�




� 	 � 1 �

%��

*

� &

Table1: Bestequilibriainstanceandsolution %�� .

Minimization: We constructa worst equilibria instancewith
� regular customers

�

� � �������"�

� with demands
 � � �!� and
thresholds




���
�

. Thereis only onespecialcustomerwith
demandE andthreshold

�
	5E

1
� . If thereexistsasolution � to

thesubset-sumproblem,thenthereis a solution % to theworst
equilibria problemwith load

�
. If thereis no suchsolution

� , thenany solution % containingonly regular customershas
load at most

� 1
� , violating the maximality constraintof

customer G . Thus any feasible solution must contain the
specialcustomerandhasloadat leastE . Since E andalso E �

�

can be chosenarbitrarily large, any approximationalgorithm
for the worst equilibria problem can be usedto decide the
subset-sumproblem.

8.2 Reduction to the interval knapsack problem In this
section we presenta reduction from the customerequilib-
ria problems to the interval knapsackproblem. It will
serve as the basisto solve the equilibria problemin pseudo-
polynomial time and to approximateit. We de�ne the inter-
val knapsackproblemto bethestandard0/1knapsackproblem
with an additionallower boundfor the weight of knapsacks:
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� � � & � � # # . (A
knapsackis feasibleif its weight

'

�

�	�

�



�

%

� falls into the in-
terval � ! �("/� .) Theminimizationversionasksfor theminimum
pro�t knapsack.Notice, that the interval knapsackproblemis
inherentlyinapproximable,becausefor ! � " it requiresto
decidethe subset-sumproblem. On the otherhand,the prob-
lemcanbesolvedin pseudopolynomialtime 	

�

�

'

�

�	�

�


��

� by
a straightforward adaptationof the well known dynamicpro-
grammingapproachfor thestandardknapsackproblem.Thus,
thefollowing lemmadirectly impliesTheorem3.1.

LEMMA 8.1. A solutionto thebest(worst)customerequilibria
problemcan be obtainedby solving at most � �

1
� interval

knapsack problems.

Proof. Let us recall the formulation of the equilibria prob-
lem: ourgoalis to maximize(minimize)

'

�

���

�

� �

%

� undercon-
straints(1.1), (1.2), and (1.3). A solution % with load




�

'

�

���

�


 �

%

� is feasibleif f thefollowing two conditionshold for
all � � � � � : (i) Maximalitycondition: if




�




� 1 
 � then
%

�$� � , and(ii) Thresholdcondition: if
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� then %

� � & .
The Maximality and Thresholdconditions partition the

non-negativenumbersfor eachcustomer� into 3 disjoint inter-
vals: � & �




� 1 
��

�

� �




� 1 
��"�




� � and
�




� � 
 � . Any feasiblesolu-
tion % with load




mustsatisfyeither %

� � � , or %

� � � & ��� # ,
or %

� � & , dependingon the interval



falls into. We over-
lay theseintervals for all � customersto partition � & � 
 � into
up to � � 	 � so-calledelementaryintervals (eachadditional
customercandivide at most 2 existing elementaryintervals).
Note that elementaryintervals can consistof just one num-
ber and they canbe openedor closedon both sidesindepen-
dently. Eachelementaryinterval � partitionsthecustomersinto
threesets: IN � � � �

�

� �*� & �




�$1 
 �

�

# � FREE� � � �

�

� �

�




� 1 
 � �




� � #�� OUT� � � �

�

� �

�




� � 
 � # .
If the load of a solution in equilibrium falls into the

elementaryinterval � thennocustomerin OUT� hasjoinedthe
service,all customersin IN � musthave joinedtheservice,and
therearenorestrictionsfor customersin FREE� . Therefore,we
partitionthesolutionspacefor theequilibriaproblemaccording
to theloadof potentialsolutions.For eachelementaryinterval

� we solve thefollowing interval knapsackproblem:

���&	

�

���C�
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��� FREE
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� s.t.
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� � FREE
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%

�
� � & ��� #��

Theoptimalsolutionto theequilibriaproblemis themaximum
(minimum) over all � ��	 � solutionsof the corresponding
interval knapsackproblems.For elementaryintervals that are
openwe canusethecorrespondingclosedinterval, becauseat
an openend the restrictionof a variablehaving value & or �

endsand the variablebecomesfree. Thereforethe solution
stays feasiblefor the equilibria problem. The �rst and the
last of theelementaryintervalsaretrivial intervals,sincethey
correspondto thecompleteandemptyknapsack,which canbe
testedseparately.

8.3 Adaptive algorithms for the interval knapsack prob-
lem In this section,we presentan algorithm for the interval
knapsackproblemthatadaptsto the lengthof thespeci�ed in-
terval. Its runningtime increaseslinearlywith thereciprocalof
theinterval. In particular, we proveTheorem6.1.

We begin with the algorithmic ideas. We use a two
phaseapproach. In eachphase,we solve a relaxed interval
knapsackproblem. The solution to the �rst problem might
misssolutionscloseto the right boundary" , andthesolution
to the secondproblemmight miss solutionscloseto the left
boundary! . Theunionof bothsolutionswill coverall feasible
solutions. The two relaxedproblemsaresolved following the
standarddynamicprogrammingalgorithmwith oneadditional



nice trick: we expandthedynamicprogrammingtableby one
dimensionusedto representan additionalvector of arti�cial
pro�ts correspondingto roundedweights.Theoriginalweights
allow usto strictly enforceoneof thetwo constraintswhile the
roundedweights(= additionalpro�ts) enableus to take care
alsofor theotherconstraint.

In moredetail,we divide the interval � � � ! �L" � equally
into two parts ��� and ��� . Roundingtheweightsvirtually shifts
knapsackpackingsalong the weight dimension. In phase1,
we roundup, shifting packingsfrom � � to the right, while in
phase2 we round down. When calculatingwith suf�cient
accuracy, packings from � � will not be shifted beyond " ,
and packingsfrom � � will not be shifted beyond ! . Thus,
the requiredaccuracy dependson the ratio " �

�

" 1 !

� . Let
� �

�

! 	
"

�

� � . Let Opt��� � denotethevalueof an optimal
solutionto the interval knapsackproblemwith interval �

�

� � � .
An approximatesolutionto interval knapsackcanbefoundby
solvingthefollowing two relaxedsubproblems:
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�rst subproblem,theotheronecanbesolvedanalogously. Let

�



� ,

�
� 

�

�
F��

�

F and
�

�
�$,

�
� �
�

�
G��

�

G , for all � � � ��� , denote
roundedweightsandpro�ts, respectively, wherethevaluesof

F and G will be set momentarily. For any � � � ��� , de�ne
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the largestweight amongall knapsackpackings���*� � � with
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� � . The following formula gives a
recursivede�nition for all non-trivial valuesof �
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Roundingweightsto multiplesof F introducesanabsoluteer-
ror strictly less than � F . Setting F
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is chosensuf�ciently large. Following a
dynamicprogrammingapproach,we computethe �

�

� �"
 � �
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valuesfor all evaluation points: � � ��������� � �"�$# in dimen-
sion 1, 
 � � F � �1F ��� ������� " �
F��RF # in dimension2, and � �

� G � �&G ��� ���!���
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�&G�� G # in dimension3, of the three dimen-
sionaltable.Now, de�ne
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& otherwise.

Observe that infeasiblesubsets(i.e., 
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�� � ! �L" � ) have no
in�uence on �
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" aremappedto an
evaluationpoint with secondcoordinate
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� ! might be mappedto evaluationpoints with
secondcoordinatein � !/��� � but they areexplicitly �ltered out
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� � ! �(" � . Let �
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optimal pro�t in � !/��� � , i.e., �
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The size of the dynamic programming table is
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needsto be chosen
suf�ciently large so that all solutionsare covered. W.l.o.g.,
assume �
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� . Thenchoosing
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� 	 is suf�cient.
Furthermore,if thecomputedsolution � satis�es �
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� 	 , which follows analogouslyto
the calculationfor the approximationfactor of the standard
knapsackproblem. The problemthat remainsto be solved is
how to determinetheright choicefor

�

. We do this in form of
a binarysearch.We startby setting

�

, � � '
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� � . If wedonot
�nd any feasiblesolutionthenwe immediatelystopandreturn
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then we increasethe accuracy by decreasing
thevalueof
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by a factorof � until we �nd a solution � with
�




�

�

�

� �

�

�

�

�

�

� . Themaximumnumberof iterationsthatwe
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<.< . Thustheoverall running
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<3< . This provesTheorem6.1.

For theaveragecaseanalysisin thenext section,we need
this result in a slightly different form. Let


 =����

and

�=@? A

denotethe maximumand minimum weight, respectively. If
pro�ts arede�ned by a non-decreasing,non-negative,concave
functionthen

8
9! #"

8 9�: ;

�%$

9! #"

$

9�: ; . Thisyieldsthefollowing.

COROLLARY 8.1. Supposepro�ts in the interval knapsack
problemare de�ned by a non-negative, non-decreasing, con-
cavefunctionof weights.Thenthealgorithmabovesolvesthe

interval knapsack problemin time 	
#

�&%('
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�3-�/10

#
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9! #"
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<.< .

8.4 Average-caseanalysis of the equilibria problem We
now prove Theorem6.2. Let  � � & ����� be �x ed. We �rst
usea reductionto the interval knapsackproblemsdescribedin
Section8.2. Eachinterval knapsackproblemwill be solved
usingthe algorithmdescribedin Section8.3. Let � �*� & #'&

�)(

�

����� ���*(

�

�

# denotethesetof boundarypointsof theintervals,
with (

�
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�����

�
(

�

�

. For analyticalpurposes,we considerthe
intervals for all pairs �R! �L"�# �+� , � � �
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!/�L"

�

,
� !/�L"�# �

�$�(!
� "�# .
Considerany !/�L" with
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� � . Note thateach ! �("

is of the form
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�� and



� arenon-negative
randomvariableswith densityfunctions D � and E � respectively,
with T being an upperboundon all the expectationsand H

– an upperbound on the valuesof all functions D
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�SE
� . We

needto modify the algorithm as follows. If for some � , the
sampledvalue ! �




� 1



� is negative, then our algorithm
takesinto accountonly all intervals of the form
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. 0 . We assumethusthatset � doesnot containany
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� instead. Moreover, if
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solvesonly the interval knapsackproblemin intervals
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�
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� where ! � ���
	4� !�� � � , !�� �
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 � #

and " � ����� � "�� � � , "��
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� # . Thatis, thealgorithmdoes
not considerinterval
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 � �
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� itself. Thus,our algorithm
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� � of the form ! �
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%
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�
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%
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� � � & �"
 � # , %

�

� � & � 


�

# .
Let us�x aninterval

�

! �("

�

� � . Let �

�

! �("

� bearandom
variable denotingthe running time of our algorithm for the
interval knapsackproblemon interval

�

! �("

� . Let 
 � T �

�

� .
If 
��B��
 for some � �2��� � ��� � �"�$# , then we use a brute
force exact algorithm with running time 	

�

� �

� . Note, that
this part contributesan 	

�

H�T

� to the expectedrunning time,
sincePr � 
�� � 
 ��� U
�

Q

E �

�

%

�YW

%

� H�T ����� . In thesamewaythe
algorithmalsochecksif " �

�

" 1 !

�

� � � .
If " �

�

" 1 !

�

� ��� , and 
�� ��
 for �$� � ��� ���!� � , thenwe
call theadaptivealgorithmfrom Section8.3. Therunningtime

of this algorithm is 	 #

�&%L'

)

'

�+*N,

� -C/ 0 #

�

$

9! #"

$

9�: ; <3< by Corollary

8.1,where

�=����

�B���
	 � � 
 � # and

�=@? A

� ����� � � 
�� # .
Our algorithmonly considersintervals
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! �("

�

� � of the
form ! �




�
1

%
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�

1

%

� , where��� �	� and %

� � � & � 
�� # ,
%

�

� � & �"


�

# . Thus,for the analysisof the expectedrunning

time of the part 	
#

�&%Y'

)

'

�3*N,

�

< we can assumethat possible
valuesof %

�$� 
�� thatmayappearin ! �L" areworstcase�x ed
numbers.This canonly decreasetheexpectationsof ! �(" and
so T is still anupperboundon theseexpectations,andthisdoes
not affect the H upperbound.This meansthatwe cantreatthe

two parts 	
#

�&%Y'

)

'

�3*N,

�

< and 	
#

-�/10
#

�

$

9! #"

$

9�: ;�<3< in the running
timeindependently. Theexpectedrunningtimeoverall interval
knapsackproblemsis by linearity of expectationboundedby:
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Lemmas8.2, 8.3 below prove upperboundson E �

'

'

�3*��

andonE �
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#

�
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$
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. After applyingtheselemmaswecan
obtainthefollowingupperboundontheexpectedrunningtime:
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LEMMA 8.2. Let



�
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betwo givencontinuousrandomvari-
ables with density functions D

�

�

%

� , D

�

�! 

� , respectively, and
let 


�
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�

� & be two �xed worst-casenumbers. Let H��
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�

%

�

,

%

�
.
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� # ,
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#
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,

( %

�

'

(
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Then,the expectationof randomvariable $ can be bounded
as: E � $��

�
�

�

� 	 �

�

H�T 	 � .

Proof. The expectation can be upper-bounded in the

following way: E �)$�� � E �C����� #
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�

/(���

�
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Observe, that therandomvariables")�0# have discontinu-

ity atvalue & , andE � "-� � T andE � # � � T . Also, observethat
in the rangeof values

�

& � 
 � we canuse D

�

and D

�

asdensity
functionsfor " and # .
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�

D is adensityfunctionof randomvariable"
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"
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usobserve, that for any % �
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Proof. Usingthelinearityof expectationwe canwrite:
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Since
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is a concave function,we canapply thewell-known
Jensen's inequalityto the�rst term:
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References
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