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1 Intro duction

Nowadays, genetic algorithms (GAs) and ewlutionary algorithms (EAs) are
mainly applied as optimization algorithms. Holland (1975) has designedGAs
asadaptation systems.The building block hypothesis(Goldberg, 1989)claims
that GAs work by combining di®eren building blocks in di®eren individuals
by crosseer (or reconbination). Thereis along debateon the role of mutations
in this cortext.

Naudts and Naudts (1998) have presetted the Ising model as an interesting
subject for the investigation of GAs and EAs. Ising (1925) has described the
model now called Ising model to study the theory of ferromagnetism.In its

most generalform, the model consistsof an undirected graph G = (V; E) and
a weight function w: E 7! R: Each vertex i 2 V has a positive or negative
spins; 2 fi 1;+1g: The contribution of the edgee = fi; g equalsfs(e) :=

Si & Gv(€). The tnessf (s) of the state s equalsthe sumofall fs(e); e2 E, and
hasto be maximized.A GA or EA canbe consideredasa processadapting to

better tness or asan algorithm maximizing f : In this paper, we have chosen
the languagefrom optimization.

The Ising problemin its generalform is NP-hard. This implies that we cannot
expect algorithms which are excient on all problem instances.Newertheless,
it is possiblethat certain algorithms are excient on many instancesinclud-
ing typical or important instances.This indeedis the case.We mertion the
specialized algorithms of De Simone et al. (1995), Galluccio et al. (2000),
and Hartmann (1996) and also the hierarchical BOA (Pelikan and Goldberg,
2003)that belongsto the classof unspecializedrandomizedseart heuristics.
In this paper we do not investigate the general Ising model. We focus on
the computationally simple casewherew(e) = 1 for all e 2 E. By an atne
transformation, we considerthe state spacef 0; 19" insteadof fj 1;+1g": The
‘tness f (s) equalsthe number of monochromatic edges.As an optimization
problem, the problemis trivial. The states0" and 1" are optimal and they are
the only optimal statesfor connectedgraphs.Connectedmonochromatic sub-
graphsare schemata of high tness and, therefore, building blocks. Howewer,
the tness function hasthe property of spin-°ip symmetry, i.e., f (s) = f (35)
for all statess and their bitwise complemen s: Therefore, 0-coloredbuilding
blocks compete with 1-coloredbuilding blocks. This property of tness func-
tions hasalsobeendiscussedor other functions, e.g., the \hierarchical if and
only if" function H-IFF (Watson, 2001;Dietzfelbingeret al., 2003). Although
this restricted Ising model is an easy optimization model, it has se\eral in-
teresting featuresfor basic ewlutionary and genetic algorithms. The aspect
of competing building blocks has beendescriked above. Moreover, there are
large plateaus,i. e., connected(w. r. t. Hamming distance) parts of the seart
spacewhereall seard points have the same tness. It is interestingto investi-



gate which graphsare simple enoughto allow a mutation-basedewlutionary

algorithm to be excient. Theseewlutionary algorithms and randomized|o-

cal seart are searting quite locally. Hence,we alsoinvestigatethe so-called
\game of life" whereindividuals of di®eren typescompetein an environment

with local in°uences.

The one-dimensionalsing model with periodic boundary conditionshasfound

edgedi;i+1g;1- i - nj 1, betweenneighboredverticesandthe turn-around
edgefn; 1g: Sincethe consideredgraph is known as a ring, we also usethe
shorter term \Ising model on the ring". Building blocks are alsoblocks in the
string (if the positions 1 and n are consideredas neighbored) and two-point
crosswer cancut out a building block. Extensive experimerts on GAs for this
problem have beenreported by van Hoyweghen(2002) and van Hoyweghen
et al. (2002a,b). Thesepapersalso contain discussionson how the algorithms
work and sometheoretical results but no run time analysis. Although being
quite simple, the Ising model on the ring hasthe interesting featuresof large
plateausand competing building blocks. Thereforeit is of interest to analyze
di®eren typesof EAs on this model. In recen years,the rigorous run time
analysisof EAs hasled to interesting results. Most of this researt: is dewoted
to mutation-based algorithms (a good exampleis Droste et al. (2002) but
there are alsoresults on steady-stateGAs (Jansenand Wegener,2001,2002)).
Here, this approad is applied to the Ising model on the ring.

Sections2, 3, 4, and 5 analyze mutation-basedalgorithms. Experimerts have
led to the conjecturethat thesealgorithms are quite inexcient for the Ising
model. The authors of the papers mertioned above do not explicitly state
sudh a conjecture but they and many others have arguedin discussionghat
mutation-basedEAs will needexponertial optimization time. In Section2, we
analyzerandomizedlocal seard (RLS) °ipping onebit per step and applying
a plus-strategy for selection.This simple algorithm nds the optimum in an
expectednumber of O(n?®) steps,and the constarts in the O-term are surpris-
ingly small. Basedon this analysis,a similar bound is obtained in Section3
for the (1+1) EA. There, the usual mutation operator is applied to create
new seard points. Hence,mutation-based EAs are much more excient than
conjectured. Howewer, it is worth mertioning that related Ising models lead
to an exponertial expectedoptimization time of RLS and the (1+1) EA. This
happenswhen pinning is introducedproperly, more exactly if every k™" weight
for somewell-chosenk is increasedfrom 1 to 10 (remark of an anonymous
referee).

Both RLS and (1+1) EA are sequetial and produce one o®springper gen-
eration. In Sections4 and 5, we analyzeparallel variants of thesealgorithms,
parallel RLS (PRLS) and the (1 + ,) EA, respectively. They produce, o®-
spring per generationand selecta best individual. For ; = n=logn; the ex-



pectednumber of generationsis boundedby O(n?logn) implying an expected
number of O(n®) tness evaluations. This analysisfollows the line of researt
started by Jansenand De Jong (2002) and Jansenet al. (2004).In Section®6,
we compareour results with the experimerts on GAs.

Obtaining bounds on the expected optimization time of GAs would be even
more interesting. We are not able to do this for the GAs usedin experimerts
which apply an island model to presene diversity. We analyzein Section7
the GA introducedby Culberson(1992)and known as GIGA (Genelnvariant
GA) and in Section8 an idealized GA with tness sharing. Both algorithms
are tailored to cope with the given problem and perform better than RLS
andthe (1+1) EA. Their expectednumber of tness ewaluationsis O(n?): We
“nish with someconclusions.

Remark: An extendedabstract of this paper not cortaining all the proofs
and results has been published as conferencepaper (Fischer and Wegener,
2004).

2 The Expected Run Time of Randomized Local Search

RandomizedLocal Seart (RLS) choosesthe rst seard point x 2 f0;1g"

formly at random, computesx® by °ipping bit i of x; and replacesx by x°i®
f(x9 . f(x): Weareinterestedin the expectednumber of f -evaluations until
x2 fo"; 1"g:

Instead of maximizing f ; we investigatethe equivalert problem of minimizing
the number i of monochromatic blocks on the ring. This number is even for
non-optimal points and hasto be decreasedrom at mostnto 1: For2- i - n
andi ewen, let tj(n) be the expectedtime until i is decreasedf we start with
a worst seard point with i blocks. We estimatethe expectedrun time by the
sum of all tj(n) and the term 1 for the initialization step.

By the pigeon-holeprinciple, there is oneblock whoselength is boundedabove
by N := bn=ic. We investigatea shortestblock B of the rst seart point x. A
°ip of a bit in the middle of a block is not accepted.If i is not decreasedihe
length of B can changeat most by 1 per step. We distinguish relevant steps
(either decreasing or changing the length of B) from the other stepscalled
non-relevant First, we only investigatethe relevant steps.It is possiblethat
someblock B°6 B getsshorter than B and vanishesearlier. Pessimistically
we ignore this. Only if B grows to length N + 1 we switch our interest to
another block whoselength is at most N: Pessimistically we assumethat this



length equalsN: Then we obtain the following Markov chainonf0;1;:::;Ng
wherethe statej describesthe length of the consideredblock. Pessimistically
we start at state N . Denotethe transition probability from statei to statej by

discussiomabove, \state N + 1" isreplacedby N andp(N;Nj 1) = p(N;N) =
1=2: State 1 is untypical, sincethere are two bits whose’ip increaseghe block
length but only onedecreasingt. Hence,p(1;0) = 1=3 and p(1;2) = 2=3: We
stop when reading state 0. Let Ty (j) be the expected time until reading
state 0 when starting in state j:

Lemma 1 Ifj, L Tn(G)=2N+2Njij j?+ji 1
PROOF. We x N and omit the index N. Obviously, T(0) = 0. We prove

TG)=2¢Nj j+D+T(i 1)
By the law of total probability,
T(N)=1+ (1=2)¢T(N) + (1=2)¢T(N | 1)
implying that T(N) = 2+ T(N j 1).If j < N, by induction hypothesis,
T(G)=1+ (1=2)¢T(j + 1)+ (1=2)¢T( i 1)
=1+ (Nj )+ (1=2)¢T()+ (1=2)¢T( j 1)
Solvingfor T(j), this provesthe claim. Finally,
T(Q)=1+ (1=3)¢T(0) + (2=3)¢T(2)
=1+ (2=3)¢(2¢(N j 1)+ T(1))
implying that T(1) = 4N | 1. This provesthe lemmaforj = 1and,if j , 2,

TG)=2¢Njj+1)+2¢Njj+2)+ ¢tc+ 2¢(Nj 1)+ 4N 1 (v

Xi 1
=4Nj 1+ 2¢ i

i=Njj+1

1 1 T
=4N j 1+ 2¢ Q(Ni 1N j Q(Ni j+ DN )

which implies the lemma. 2

For later purposesywe state that Ty is monotoneincreasingand concave, i. €.,

TnG+1)i TnG) - TnG)i TG i 1)



The last statemert follows directly from equation ().

In order to estimate the expected number of relevant steps,it is sutcient to
sumup all Tyn=ic(bn=ic);i 2 1 == fj j2- j - n;j eveng. SinceTy(N) =
N2+ 3N j 1, we obtain

X . X . X .
Ton=ic(bn=ic) - n?> (1=i®)+ 3n  (1=i) j bn=2c

i21 i2l i2l

o1 b2 1

n? —__ + 3n — i bn=2c
i1 (20)? = 2 l

. (Y3=24)n%+ (3=2)ninn+ n

. 0:412¢n%+ 1:5¢ninn+ n:

In the last step, we have usedthe following argumerts. The sum of all 1=i,
1- i- nisboundedby Inn+ 1.1t is well known, that the sum of all 1=i?
equals¥%=6.

In orderto estimatethe number of all steps,we areinterestedin the probability
that a stepis relevant. This is easysincewe consideronly oneblock B. There
are 4 positions suc that the length of B changesif one of the correspnding
bits °ips and the length of B is at least 2. If B haslength 1, there are only 3
such positions. The expected waiting time until one of k bits °ips is exactly
n=k. In orderto getgood bounds,we estimatethe expectednumber of relevant
stepswherethe block length equalsl. Sincethe probability of reading state
0 and nishing a phaseequals1=3, the expected number of stepsin state 1
equals 3 independer of i. Hence,3¢(n=2) of the relevant stepshave to be
multiplied by n=3 and the other onesby n=4 to obtain an upper bound on the
expectedrun time. Becauseof our rough estimate of the sum of all 1=i;i 2 1,
we can omit the term 1 for the initialization and obtain the following result.

Theorem 2 The expected numter of stepsuntil RLS nds an optimum for
the Ising model on the ring is boundel alove by

Tres(n) = 0:103¢n + 0:375¢n? ¢(In n + 1):

This bound is pessimisticin the following aspects:

{ the rst seart point can have lessthan the maximal number of blocks,

{ the rst seart point with i blocks cancortain a block which is shorterthan
bn=ic,

{ other blocks can get shorter than the consideredblock.

In any casethe bound of Theorem2 is surprisingly small whenconsideringthe
discussionsabout this problem. We can prove a lower bound on the expected



run time only under the reasonableassumptionthat at the rst point of time
wherei = 2, the shorter block cortains at leasta constart fraction of vertices.
Experimerts have shown that the shorter block has an averageblock length
of 0:28n whenreading this phase.

Theorem 3 Starting with two blacks of length"n and (1 ")n, 0< " - 1=2
a constant, the expected numter of stepsuntil RLS nds an optimum for the
Ising madel on the ring is £( n3).

PR OOF. Sincethere are only two blocks, our analysisfor the upper bound
considersalways the shorterone.The expectednumber of relevant stepsequals
Ton=2¢("N) = £(n?) and hasto be multiplied by n=4 to obtain the expected
number of steps(for 3 stepswe have to multiply by n=3). This leadsto the
expected number of £( n3) steps. 2

3 The Expected Run Time of the (1+1) EA

The (1+1) EA can be consideredas the simplest ewlutionary algorithm. It
works like RLS with the exception of the seard operator. The mutant x°is
obtained from x by °ipping ead bit of x independerily of the others with
probability 1=n. Stepswithout °ipping bits do not cournt sincethey do not
leadto a tness ewaluation. Let e= 2:718::: be the Eulerian constart.

Theorem 4 The expected numter of stepsuntil the (1+ 1) EA nds an opti-
mum for the Ising model on the ring is boundel atove by T.qy (N) = (e 1) ¢
(1+ 0(1)) ¢Tres(n) - 0:177¢n% + o(n3).

PR OOF. We usethe sameideasasin the proof of Theorem?2. In particular,
we concetrate our analysison the length of one block and rst we consider
only relevant steps,i. e., steps changing the length of the chosenblock. We
switch to another block if the chosenblock has a length larger than bn=ic.

Since the proof is fairly long, we will give a brief outline rst. The main
ideais that we do not estimate the number of stepsdirectly but we compare
the (1+1) EA with RLS. For this purpose, we investigate some stochastic
processedb etween" RLS and the (1+1) EA. It is important to realisethat
these processeddo not refer to actual algorithms but are merely analytical
tools. First, we will estimatethe e®ectof uselessnutations °ipping morethan
one bit. This will give rise to the factor of ej 1. Then we will examinethe
e®ectof asymmetricprobabilities for lengtheningand shorteninga block when
it is already short. First we hide this e®ectby consideringstochastic processes



which are symmetric evenfor short blocks, and are thereforeeven faster. Then
we shaw that stepschangingthe block length by morethan 1 are not harmful
either, but also acceleratethe process.Finally, we shav that reintroducing
the asymmetry to the processthus yielding the (1+ 1) EA givesan additional
factor of 1+ o(1).

We start with RLS" which appliesthe seart operator of the (1+1) EA but
only considersmutants x°for selectionwhereexactly onebit has’ipp ed. Then
the expectedrun time increasedy the expectedwaiting time for a step °ip-
ping exactly onebit. Let X,, be the random variable courting the number of
°ipping bits. Then X, is asymptotically Poissondistributed with parameter
., = 1. Sincewe do not considerstepswithout °ipping bits, let Y be Pois-
sondistributed with , = 1 and let Y* have the distribution of Y under the
condition Y | 1. Then

Prob(Y® = 1)= Prob(Y = 1jY , 1)= Prob(Y = 1)=Prob(Y , 1)
=elx1; e =15ej 1)

Hence,the expectedwaiting time until Y® = 1 equalsej 1. The correspnding
waiting time for X, isboundedby (ej 1)1+ o(1)). This indeedis the essetial
factor why the (1+1) EA is slower than RLS. If the number of blocks is not
too large, the probability that a step °ipping more than onebit is relevart is
much lessthan the correspnding probability for steps°ipping one bit. The
reasonis that the other °ipping bits typically increasethe number of blocks.

Newertheless,there are relevant steps °ipping more than one bit and there
are relevant stepschangingthe length of the consideredblock by more than
1. For eat seard point x let p; (x) be the probability that the next stepis
acceptedand producesa seart point wherethe length of the consideredblock
B hasbeenincreasedby k and let pj (x) be the correspnding probability for
decreasinghe length of B. We know from Section2 that p; (x) may be larger
than pj (x) dueto asymmetricprobabilities for shorteningsand lengtheningsof
the block whenthe block is short. To simplify the analysis,we investigatetwo
further stochastic processesalled (1+1) EAgym and RLS;,,. They are based
on the algorithms (1+1) EA and RLS", respectively, but, if p; (x) > pi (x),
the probability of increasingthe length of B is reducedto p (x). As before,
we switch to another block if the length of B is larger than bn=ic. We show
that the expected run time of the (1+1) EAgym is bounded from above by
the expectedrun time of RLS; ,, which in turn is obviously faster than RLS".
Later, we comparethe (1+1) EA and the (1+1) EAgym.

Let A; be the algorithm working t stepslike the (1+1) EAsm and afterwards
like RLSS,,,,. We prove by induction ont that the expected run time of A,
is not larger than the upper bound obtained for RLS*®, which obviously also
holdsfor RLSZ, .. This is true fort = 0, sinceAy = RLSS,,. For the induction

sym* Sym -



step, we compareA; and A.;. They are identical for the rst t stepsand
we considerthe (random) seart point x after t steps. The probability of a
relevant stepis for the (1+1) EAsym not smallerthan for RLS; .. We compare
the algorithms conditionedto someevents and prove the claim for ead of the
cases.If the next step is neither relevant for A; nor for Ais1, the claim is
obvious since the upper bound for RLS" only dependson the length of the
consideredblock. The perhapslarger probability of a relevant step of Ay is
only in favor for A, . Finally, we have to comparethe e®ectof relevant steps.
Instead of having steps changing the length of B by +1 and j 1 (with the
sameprobability), we now may changethe length of B by +k and j k (with

the sameprobability). Afterwards, we apply RLS;, in both casesThe upper
bound for RLS" (and also RLS;,,,), namely the function Ty from Section2,
is increasingand concave (seeFigure 1). A relevant stepis calleda § k-step if

it changesthe length of the consideredblock by +k or j k. Note that sud a
stepincreasegshe block length with probability 1=2 in the consideredsituation.

Therefore,a 8§ k-stepinstead of a § 1-stepreducesthe expectedrun time, i. e.,
(TG+K+T(i K)22<(T(G+1+T(i 1)=2,ifk, 2.Fort! 1, we
obtain the claim.

T

Ji3i2ilj j+lj+2j+3
Fig. 1. The function T.

Finally, we have to comparethe (1+1) EA and the (1+1) EAgm. We investi-
gate a phaseof length n’=2, By Markov's inequality, the probability that the
(1+1) EAgm needsmore than n’=2 stepsis O(n *?) = o(1). In this case,we
repeat the argumerts for the next phaseleading to an additional 1+ o(1)
factor. In the following, we investigate a phaseof length n’=2. Everts which
altogether have a probability of o(1) can be ignored sincethen the phasecan
be consideredas unsuccessfullsoleadingto a 1+ o(1) factor.



Let k be the length of the consideredshortest block B, w.l. 0.g. a block of
ones.If k , 4, the string cortains 0*11%i 411¢*. We considerthe substrings
0*11and 11¢. The probability that a phasecortains a stepwith at leastfour
°ipping bits at thesepositionsis 0o(1) and this event canbeignored. Stepswith
at mostthree °ipping bits at thesepositionsdo not eliminate oneof the blocks.
The situation is symmetric with respectto lengtheningsand shorteningsof B.

We areleft with the situation k - 3. Recallingthe analysisof RLS in Section2,
it is easyto obtain the result that the (1+1) EAgn hasan expected number
of O(n) stepswherek - 3. By Markov's inequality, we can ignore runs where
this number is larger than n32. The probability that a phaseof length n3=2
cortains a step with at leasttwo °ipping bits in the substring 0%1%0* is o(1).

Finally, decreasingthe length of B from k to O doesnot imply that we de-
creasethe number of blocks. A newblock may be createdsomewhereslse.The
probability of no bit °ipping elsewherds at leaste' 1. Hence,with probability
at most 1i €1, a new block is created. The length of this new block has
length 1 with probability £(1), length 2 with probability £(1 =n), and length
3 or more with probability £(1=n?). In a phaseof O(n3%?) steps, the latter
evert can be ignored, sinceits overall probability is o(1). The newly created
blocks of length 1 and 2 increasethe expected optimization time by at most
O(n?). Hence,we have proved the theorem. 2

It is worth noticing that we were not ableto prove such a small bound by an-
alyzing the (1+1) EA directly. It washelpful to analyzethe simpler algorithm
RLS and to compareRLS and the (1+1) EA.

Finally, we prove a lower bound similarly to the lower bound of Theorem 3.

Theorem 5 Starting with two blacks of length"n and (1§ ")n, 0< " . 1=2
a constant, the expected numker of stepsuntil the (1+1) EA nds an optimum
for the Ising madel on the ring is £( n3).

PR OOF. The upper bound is cortained in Theorem4. For the lower bound,
we know that the probability of a relevant step equals£(1 =n) sincewe have
exactly two blocks. Hence, it is su+cient to prove a bound of -( n?) on the
number of relevant steps.Sud a bound holds for RLS. We have seenin the
proof of Theorem4 that the (1+1) EA may gain from stepschangingthe block
length by more than 1.

Again we comparethe stochastic processeq1+1) EAg, and RLS, with
ead other. They are faster than (1+1) EA and RLS, respectively. Hence,
it is enoughto prove the lower bound for the (1+1) EAgm. With the same
argumeris asin the proof of Theorem4 we obtain the result that the expected

10



number of relevant stepsof RLSgy, is only by an additive term of O(n) smaller
than the correspnding number for RLS. Let T;(j) be the expected number
of relevant stepsof RLS;y, starting with two blocks wherethe shorter onehas
length j. Then, by Lemmal and the considerationsabove,

To(), n?=4i cni (n=2j j + 1)(n=2j j)

for someconstart c. Let T (j) be the expected number of relevant steps of
RLS,,, which works for t relevant stepslike the (1+1) EAgyy, and then like

RLSgym. We prove by induction that
T(), To()i ct=n

for someconstart ¢®. Having proved this claim it is easyto obtain the lower
bound. By Markov's inequality, there is a constart d sud that the consid-
ered algorithms have a succesrobability of at least 1=2 after dn? relevant
steps. Then we have saved an expected number of O(n) relevant steps.If the
(1+1) EAqm was not successfuin sud a phase,it starts again with some
value of j . We can repeat the argumerts and the expected number of phases
is at most 2 leadingto an expectedsaving of only O(n) steps.Hence,it is suf-
“cient to prove the claim above. For a relevant step, the probability to change
the block length by a constart k equals£(1=n*i ). Sincethe succesgrob-
ability after n52 relevant stepsis 1i 2/ ("™, we canignore relevant steps
changingthe block length by at least 4. They have a probability of O(ni 12)
within n>%2 stepsand in the caseof suc a step we use a lower bound of 0.
Comparing T, (j) with T?(j), we apply the fact that the lower bounds for
To(i) and Ty(j | 1) di®erby nj 2j + 2. Letp;, 1- i - 3, bethe probabil-
ity that a relevant step changesthe block length by i. By our remark above,
p1+ p2+ ps = 1. The following inequalitieshold if all T3 (k") arede ned, i.e.,
0- k" - n=2.Then, by induction hypothesisand the law of total probability,

T (). i ct=n+ (m=2) &(To( i 1)+ To( + 1))
+(P2=2) §(To (i i 2)+ To(j + 2)
+(Pa=2) &(To( i 3)+ To(j + 3)):

To(i 2=To(Gi Di (ni 2Gi 1)+ 2);
To(+2)=T5@(G + 1)+ (nj 2( + 2)+ 2); and
To(i D+ To((+2)=To(Gi D+ TG+ 1) 6
Similarly,

To(Gi 3+ To(l +3)=To( i D+ To( +1)i 16

11



Altogether, sinceT(j) = (1=2) ¢(Ty(j i 1)+ To( + 1));

T2, (), i d=n+ (1=2) &(TEG i 1)+ TG + 1)) i n
. e+ =n+ T5();

if ®is chosenin an appropriate way. This proves the claim and the theo-
rem. 2

4 The Exp ected Num ber of Generations of Parallel RLS

A GA works with a population of s(n) individuals and produces, (n) chil-
dren in eah generation.In most casesrun time is de ned asthe number of
generations.The number of tness ewaluations is then larger by a factor of
, (n). Parallel RLS (PRLS) or (1+,) RLS creates, children from the parert
X using the seard operator of RLS. The children are createdindependerily.
Selection choosesx if all children are worse and choosesone of the ttest
children uniformly at random otherwise.

Let x be a seart point with i blocks. The probability of a step changingthe
length of the consideredblock B is at least 3=n and the probability of a step
creating a child with at leastthe same tness asx is at most 2i=n.

For , = n, thereis, on average,a constart fraction of stepscreating at least
one child changing the length of B and not creating more than 4i children
with i blocks. Therefore, the probability of a relevant step is -(1 =i). The
expectednumber of relevant stepswith i blocks is boundedabove by O(n?=i?)
(seeLemma 1). Hence, (1+n) RLS needsan expected number of O(n?=i)
generationswith strings with i blocks. Consideringall eveni - n, this leads
to O(n?logn) generationsand O(n®logn) tness ewvaluations. In the following
we improve this result.

Theorem 6 The expected numker of geneations until (1 + bn=lognc) RLS
“nds the optimum for the Ising madel on the ring is boundeal by O(n?logn),
and the expected number of "tness evaluationsis boundel by O(n?).

PR OOF. It is suzcient to investigatethe number of generationssince eadh
generationconsistsof bn=lognc tness ewaluations. Let B be the considered
block (as in the sectionsbefore). The probability that no child shortensor
lengthensB equals(1j c=n)™=lognc = 1; £(1=ogn), wherec 2 f 3; 4g depends
on the length of B. In any case,the expected waiting time for a generation
with a child changing B equals£(log n). If x cortains i blocks, the expected
number of children with the samenumber of blocks as x is £(i=logn) and
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the probability that this number is bounded by O(i=logn) is at least 1=2
(Markov's inequality).

If i , logn, the probability of choosinga child where B is changed,if sut
a child is created, is -(log n=i). The conditional expected waiting time for
sudh a step is O(i=logn). Hence, ead step has a probability of -(1 =i) of
being relevant. We can cortinue asin the caseof , = n to obtain a bound of
O(n?logn) on the expected number of generations.

If i < logn and one child changesB, the probability that all other children
have more blocks equals(1j £(i=n))™=°anci 1 which is boundedbelowv by a
positive constart. Then the generationis relevant. Hence the expectedwaiting
time for a relevant generation equals£(log n) and the expected number of
generationsis boundedby O((n? logn)=i?). Consideringall i < logn and even,
this givesan additional term of O(n?logn). 2

5 The Expected Num ber of Generations of the (1+ ,) EA

The (1+,) EA applies the seart operator of the (1+1) EA and produces
independenly | children from the parent which is the only individual of the
current population. We have to be careful with the selectionoperator. It is
likely that many children are a replica of the parert. In order to guarartee
exploration of the seart space,we selectthe parert x only if all children
y 6 x haveaworse tness than x. Otherwise,we randomly selectan individual
amongthe ttest childreny 6 x.

Our analysisof the (1+1) EA in Section 3 was basedon a comparisonwith

RLS. The analysis of (1+,) RLS in Section 4 essetially was an analysis
of the waiting time for a relevant generation. We obtain asymptotically the
sameresultsfor the (1+,) EA. In arelevant step, the probability distribution

describinghow the length of B changesis the samefor the (1+1) EA and the
(1+,) EA andit is the samefor RLS and (1+, ) RLS. Hence,the argumernts
of Section3 can be applied and lead to the following result.

Theorem 7 The expected numter of geneations until the (1+ bn=lognc) EA
“nds the optimum for the Ising model on the ring is boundel by O(n?logn),
and the expected numter of tness evaluationsis boundel by O(n3).
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6 A Comparison with GA Exp eriments

Before comparinghow (1 + ,) RLS and (1 + ,) EA can compete with GAs

for the Ising model on the ring we like to stressthat for more generalgraphs
and weights more advancedmethods than mutation are necessaryWe have no
doubt that crosseer canplay an essenhal role for the Ising model on the ring.

A theoretical fundamert for this argumert will be preserted in Sections7 and

8. Here,we want to arguethat mutation-basedEAs are better than expected
in many papers.van Hoyweghen(2002) claims that \the presenceof spin-°ip

symmetry in the one-dimensionalsing model preverts an unspecializedGA to

'nd anoptimum in areasonableamourt of time." van Hoyweghenet al. (2001)
indicate in this cortext that \the Ising model shaws that for a certain class
of optimization problemsniching becomesa necessy for a GA to solwe these
problems."” Our results have shavn that unspecializedEAs solve this problem
in reasonabletime. The upper bounds on the expected run times of RLS

(0:1033+ 0:375%(In n+ 1) and even 114 350for n = 100)and of the (1+1) EA

(by a factor of 1:72 slowver than RLS) show this even for populations of size
1. The time bounds are much better, namely O(n?logn), if n=logn children

are generatedin parallel. Hence,the optimization is nished in a reasonable
amourt of time without any niching. van Hoyweghen(2002) has considered
the caseof GAs for n = 100and a population sizeof 100. The bestparameters
for tournamern selectionand two-point crosseer leadto an averagenumber of

35,857 generations.This can be decreasedo 10,881 using SAWing (Stepwise
Adaptation of Weights, Scoofs et al. (1999)). With an Island model and a

distributed GA there is a good chancethat 10; 000 generationssuzce. In all

thesecases population of sizes(n) , 100is used.In general,it is claimedthat

a population sizeof 10:9n%>" su+ces. Thesealgorithms needlessgenerations
than the mutation-basedalgorithms examinedin this paper but they do not

beat RLS with respect to the expectednumber of tness evaluations (at least
for n = 100).

Even more experimerts would not lead to proven theoretical results. We
presen sud resultsin the remaining sections.

7 The Expected Run Time of GIGA

Although mutation-based algorithms are surprisingly e+cient for the Ising
model on a ring, it is believed that GAs can be faster. It is ditcult to an-
alyze the e®ectof crosseer if oneis interestedin the expected optimization
time. We are not ableto analyzedistributed GAs. Therefore,we analyze GAs
which are specializedto work on the Ising model on the ring. Our methods
are not suxcient to analyzethe new and successfulGA variants, like, e.g.,
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BOA (Pelikan and Goldberg, 2003).

In this section,we analyzea simple variant of GIGA (Genelnvariant Genetic
Algorithm) introducedby Culberson(1992) and alsocalled (1+1) GA by Di-

etzfelbingeret al. (2003). The population has size2 and consistsof a seart

point x 2 f0;1g" and its bitwisecomplemen X. In the initialization step, x is
chosenuniformly at random. Later, a new pair of seart points (y;y) is pro-

ducedfrom (x; X) by crosseer. Sincef (x) = f (X), the newpair (y;y) replaces
(x;x) if f(y), f(x) (or equivalertly, if y doesnot have more monochromatic

blocks than x). Sincewe want to cut out a block in x and to replaceit by

its bitwise complemen, two-point cross@er seemsto be the appropriate re-
combination operator. Let us considerthe e®ectof crosseer at the positions
j andk, 0. j < k < n. A position p is called border of x, if X, 8 X,1 Or
Xn 6 Xy if p= 0. Let i be the number of blocks of x.

Case 1: The positionsj and k are not borders.Theny hasi + 2 blocks and
(y;y) is not accepted.

Case 2: Exactly oneof the positionsj and k is a border. Then y alsohasi
blocks and (y;y) is acceptedbut the tness is not changed.

Case 3: The positionsj and k are borders.If i > 2,y hasij 2 blocks. If
i = 2,y hasoneblock. In any case,(y;y) is acceptedand the tness is
improved.

s - s -

As long as x is not optimal, i , 2 and there are , among , pairs of

positionswhich leadto animproved tness. Hence,the expectedoptimization

time can be boundedabove by (remenberthat | = fij2- i - n;i eveng)

X
= =n(nj 1) —
i2

n(nj 1)_ i 7

- 0:70¢n ¢(nj 1):
i21 L

Moreover, the expectedi-value of the initial seard point is n=2 and, by Cher-
no® bounds, the probability that it is larger than n=3,is 1 2 (™. Hence,
we get a lower bound on the expected optimization time if we compute the
samesumfor all i 2 1°:= fi ji - n=3;i eveng. Altogether, we have obtained
the following result.

Theorem 8 The expected numkber of stepsuntil GIGA with two-point cross-
over nds an optimum for the Ising model on the ring is boundeal alove by
0:70¢n ¢(nj 1) and boundel below by 0:69¢n? | o(n?).

We cangeneralizeGIGA to (1+, ) GIGA where, o®springpairs are produced
independerily and a bestoneis chosenif it is not worsethan the parert. We
analyzethe (1+n) GIGA. The probability of producing a better o®springis
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boundedbelow by a positive constart, if i > n'*2, and by -( i2=n), otherwise.
Hence,the expected number of generationsequals£( n).

Theorem 9 The expected number of geneations until the (1+ n) GIGA with
two-point crossover nds an optimum for the Ising madel on the ring equals
£( n), the expected numker of tness evaluationsequals£( n?).

We have seenthat we have to hit the bordersin order to improve the t-

ness.This is more dixcult if the number of bordersis small. Using k-point
crosswer for k , 3 or uniform crosseer is, therefore, worse than two-point
crosseer. What about one-mint crosseer? This can be interpreted as two-
point cross@er wherethe rst borderis xed toj = 0.If j = Ois not a border
and the cut point k is a border, the new pair (y;y) hasthe same tness and is
accepted.Moreover, j = 0is a border of (y;y). If ] = Ois a border, the next
o®springis acceptedin any case.lf one-pint crosseer doesnot hit a border,
the o®springhas the same tness but position 0 is no longer a border. If k
hits a border, we have improved the tness. Hence,if position 0 is not a bor-
der, we improve the tness, if, within two subsequen steps,we hit a border.
This probability is i=(n j 1) for the rst step (since 0 is not a border) and
(ij 1)=(nj 1) for the secondstep (since0 is a border). A phaseconsistsof one
stepif Ois not a borderand we do not hit a border and it consistsof two steps
otherwise.The expected number of phasesof length 2 equals(nj 1)=(ij 1).
Altogether, the expected number of stepsuntil the tness is increasedequals

(ni 1 nji 1 n?i 3n+2+inj i
— + . = —
e 1) | e 1)

which is closeto the correspnding value for two-point crosseer. Hence,the

expected number of "tness evaluations equals£( n?). The (1+n) GIGA with

one-pint crosswer needsan expectednumber of £( n) generations.If 0 is not

a border, only an o®spring,where0 is a border, is accepted.For n o®springs,
the successprobability is bounded belov by a positive constart. Then, in

the next step, the probability that at least one o®springhas a better tness

is again boundedbelow by a positive constart. This leadsto the interesting
result that one-pint crosseer is almost asexcient astwo-point crosseer for

the Ising model on the ring.

Theorem 10 The expected number of tness evaluationsuntil GIGA or the
(1 + n) GIGA with one-mint crossover nds an optimum for the Ising model
on the ring equals£( n?). For the (1 + n) GIGA, the numker of geneations
equals£( n).
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8 The Expected Run Time of a GA with Fitness Sharing

The variant of GIGA analyzedin Section7 is highly specialized.Diversity in
the population of size2 is guararteed by always choosingindividuals with the
maximal Hamming distance.Here, we considera GA with the unusual small
population size2 wherediversity is supported by tness sharing. Populations
are multisets. In "tness sharing, the similarity of x and y is measuredby

S(xy) = maxt1j d(x;y)=%0g

whered is an appropriate distancemeasureand %is a parameterdetermining
the maximum distance at which two individuals x and y have to sharetheir
‘tness. In our case,d is the Hamming distanceand %:= n sincewe want to
produceindividuals with large Hamming distance. Then, for population P,

X
S(x; P) := S(x;y):
y2P

The shared tness of x in the population P is de ned by
f(x;P) = f(x)=S(x; P)

if f (x) is the real tness. Finally, the tness f (P) is de ned asthe sum of all
f(x;P), x2 P.

The following GA applies two-point crosseer to produce two children and
mutations °ipping ead bit independerily with probability 1=n.

1) Theinitial population P consistsof two individuals chosenindependertly
and uniformly at random.

2) Selectionfor reproduction. Both individuals x and y are chosen.

3) O®spring creation. One of the Steps3a and 3b is chosenuniformly at
random.
a) x%:= mutate(x); y°:= mutate(y); P°:= P [ fx%y%.
b) (% y) := two-point-crossaver(x; y), x°:= mutate(x), y°:= mutate(y),

Po:=P[ fx%y%.

4) Selectionof the next generation. Choosea population P p P of size2

with the maximal f (P)-value.

Sincewe work with populationsof very small size,it is not too time-consuming
to choosein Step4 a population with the largestf -value.For large populations
of sizen'™ or n, there are exponertially many possiblesuccessopopulations
if we have producedthe samenumber of o®spring.Therefore,algorithms typ-
ically only comparethe f (x; P9-values.

Let the population P consist of the individuals x and y with a Hamming
distanceof d = d(P). Let i(z) be the number of borderswithin the individual
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zandleti=i(P):=1i(x)+i(y). Thenf(z)=nj i(z) and

ni i(x) _nji(x)

FoGP) = 1i dx;x)=n+1j d(x;y)=n  2j d=n
and oani i
_oenj
tP)= 2 d=n’

Hence,we canincreasef (P) by decreasing and/or by increasingd. As long
aswe do not decrease, we hope to increased. If d = n, we have two comple-
menrtary individuals and two-point crosseer is a good operator to decreasa
(seeSection7). Since0 - f(P) - 2n andf cannot decreasebecauseof the
plus-strategy for selection,we try to analyzethe expectedtime until f has
beenincreasedat least by a constart additive term c. For this purpose,we
classifythe possiblepopulations P:

{ type OPT cortains all P whereat least oneindividual is optimal,

{ typeA(i), i, 2,cortains all P wherei = i(P), d=n, and P Z OPT,
{ type B contains all P where2- i- n,d< n,and P 2 OPT, and

{ type C contains all P wherei > n,d< n, and P Z OPT.

Theorem 11 The expected numker of tness evaluationsuntil the alove GA
with population size2 and tness sharing nds an optimum for the Ising model
on the ring is boundeal by O(n?).

PR OOF. All populations of type A(i) have the same tness 2n j i. After
having increasedthe tness, we will never accepta population of type A(i).
Moreover, if P = fx;yg is of type A(i), then y = X. The expected waiting
time until two-point crosswer createsa population P° of type A(i j 4) is
boundedby O(n?=i?), seeSection7. Thenf (P9 f(P) = 4. The probability
of performing Step 3b and °ipping no bit by mutation is boundedbelow by a
positive constart. Hence,the expectedtime with populations of type A(i) is
bounded above by O(n?=i?) and the expectedtime with populations of type
A is boundedabove by O(n?).

For populations of type B or C, we prove that the probability of increasing
the tness by at least 1=4 is bounded below by -(1 =n). In expectation, we
have to wait for at most 8n of sud stepswhich provesthe theorem.

Let P = fx;yg be of type B. Sinced < n, x 6 y. Let | be the rightmost
position wherex; = y;. Then x;+1 6 y;+1 (wheren+ 1is identied with 1
sincewe areonaring). W.l.0.9.X; = Xj+1 andy; 6 y;.1. With a probability
of -(1 =n), we choose Step 3a and only bit j is °ipp ed when producing y°.
Thenf (y9 ., f(y) andd(x;y% = d(x;y) + 1. The population P°= fx;yYis a
possiblesuccessopopulation and
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2ni i o2ng i

PPV TP, 5 @s pmn! 27 d=n
_@nj )e2j d=ni (2nj 1) &2 d=nj 1=n)
) (2i (d+1)=n) &2 d=r)
1.
B Z’

sincethe numerator equals2j i=n , 1 (i - n for type B populations) and
the denominatoris at most 4.

Let P = fx;yg be of type C. Sincei > n, w.l.0.g. i(X) > n=2. Then x has
morethan n=2+ 1 monochromatic blocks and, therefore,at leastoneblock B of
length 1. With a probability of -(1 =n), we chooseStep 3aand only the bit of B
is °ipp edwhenproducingx® Thenf (x9 = f (x)+ 2and d(x%y) . d(x;y)i 1.
The population P°= fx%yg is a possiblesuccessopopulation and

2nj (ij 20 2nj i
*2i (dj 1):nI 2i d=n
_@nj i+ 2)¢2i d=n)j (2nj i)¢2; d=n+ 1=n)
- 2i (di 1)=n)¢@2; d=n)

f(PYi f(P)

l.
5 4’

sincethe numerator equals(4j 2d=n)j (2 i=n), i=n, 1(i > nfortypeC
populations) and the denominator again is at most 4. This nishes the proof
of the theorem. 2

Finally, we canconsidera GA with population size2 and tness sharingwhich

Then it selectsa population P u P2 for somei which hasthe largestf (P)-

value. For populations of type B or type C, the probability of producing a
population whose tness is by an additive term of at least 1=4 better is then

-(1). The proof of Theorem9 shows that the expectednumber of generations
with populationsoftypeA is boundedby O(n). Hence,we obtain the following

result.

Theorem 12 The expected number of geneations until the GA with popula-
tion size 2, tness sharing, and n pairs of o®springper geneation nds an
optimum for the Ising madel on the ring is boundel alove by O(n).
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Conclusions

The Ising model is a good model to analyzethe adaptation capabilities of EAs
and GAs. In particular, the Ising model on the ring leadsto surprising results.
Mutation-based algorithms and even randomizedlocal seart are much more
excient than expectedin the GA community. This is especially true if we
considerthe number of generationsin the caseof producing more than one
o®spring.Newertheless reconbination candecreasehe expectedoptimization
time. This has been proved rigorously for two specialized GAs which work
with very small populations. It is an open problem to analyze generic GAs
with niching for the Ising model on the ring.

Acknowledgement. Thanks to Carsten Witt for discussionson the paper,
in particular, thoseleadingto Theorem5.
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