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Abstract. We study adaptive routing algorithms in a round-based model .
Suppose we are given a network equipped with load-dependentlatency
functions on the edges and a set of commodities each of which is de�ned
by a collection of paths (represented by a DAG) and a 
ow rate. Each
commodity is controlled by an agent which aims at balancing i ts tra�c
among its paths such that all used paths have the same latency. Such an
allocation is called a Wardrop equilibrium.
In recent work, it was shown that an in�nite population of use rs each of
which carries an in�nitesimal amount of tra�c can attain app roximate
equilibria in a distributed and concurrent fashion quickly . Interestingly,
the convergence time is independent of the underlying graph and depends
only mildly on the latency functions. Unfortunately, a dire ct simulation
of this process requires to maintain an exponential number of variables,
one for each path.
The focus of this work lies on the distributed and e�cient com putation
of the adaptation rules by a �nite number of agents. In order t o guaran-
tee a polynomial running time, every agent computes a randomised path
decomposition in every communication round. Based on this decompo-
sition, agents remove 
ow from paths with high latency and re assign it
proportionally to all paths. This way, our algorithm can han dle expo-
nentially large path collections in polynomial time.

1 Introduction

We consider routing problems in the Wardrop model. We are given a network
equipped with non-decreasing latency functions mapping 
ow on the edges to
latency. For each of several commodities a �xed 
ow rate has to be routed from a
source to a sink via a collection of paths. A 
ow vector is saidto be at Wardrop
equilibrium if for all commodities the latencies of all used paths are minimal
with respect to this commodity. Whereas such equilibria canbe formulated as
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convex programs (under some mild assumptions on the latencyfunctions) and
can thus be solved by centralised algorithms in polynomial time, in this work,
we study distributed algorithms to compute Wardrop equilibria.

A common interpretation of the Wardrop model is that 
ow is co ntrolled
by an in�nite number of sel�sh agents each of which carries an in�nitesimal
amount of 
ow. In [12] it was shown that in this setting such a population
approaches Wardrop equilibria quickly by following a simple round-based load-
adaptive rerouting policy. This policy, called the replication policy, is executed
by all agents in parallel and proceeds in the following way. Each agent sam-
ples another agent at random and, if this improves the latency, migrates to this
agent's path with a probability that increases with the late ncy gain. In this set-
ting, a natural goal is to reach approximate equilibria in the following bicriterial
sense. We say that a 
ow is at� -� -equilibrium if at most an � -fraction of the 
ow
utilises paths whose latency exceeds the average latency oftheir commodity by
more than a � -fraction of the overall average latency. Remarkably, the number
of rounds to reach an approximate equilibrium in this sense is independent of
the size and the topology of the underlying graph and chie
y depends on the
approximation parameters and the elasticity of the latency functions.

In this work, we consider a di�erent setting, in which the 
ow is controlled
by a �nite number of agents only, each of which is responsiblefor the entire

ow of one commodity. Each agent has a set of admissible pathsamong which
it may distribute its 
ow. To be able to represent exponentia lly large collections
of paths we assume that these are represented by an arbitraryDAG connecting
the source and the sink of the agent. Each agent aims at balancing its own 
ow
such that the jointly computed allocation will be at Wardrop equilibrium. Let us
remark that agents do not aim at minimising the overall latency of their 
ow, but
seek to minimise the maximum latency of their commodity. Unfortunately, the
replication policy does not yield a feasible distributed algorithm in this setting
directly. Simulating an in�nite number of agents each of which chooses one out
of the given collection of paths would require maintaining one variable for each
path and computing a quadratic number of migration rates between pairs of
paths. As the number of paths may be exponential in the size ofthe network
this approach is rendered computationally infeasible.

We present two approaches to circumvent this problem. Our �rst approach
exploits the fact that, for a simpli�ed variant of the replic ation policy, the up-
dates of the edge 
ows can be expressed in a way that merely uses the edge 
ow
variables themselves (rather than the path 
ow variables). Thus, the updates
can be computed in polynomial time. Unfortunately, the convergence time of
this variant is only pseudopolynomial in the latency functions since it depends
on the maximum slope of the latency functions.

Since the original replication policy cannot be expressed in this compact
way, we consider a second approach to achieve convergence ina polynomial
number of communication rounds. Consider a collection of paths for one of the
commodities. In a �rst step, our algorithm samples a polynomial number of
paths with probability proportional to their 
ow. We thus ob tain a randomised



path decomposition. We consider paths in this decomposition with above-average
latency. From such paths, a fraction of the 
ow is removed and reallocated
proportionally among all admissible paths. If this is done carefully, oscillations
can be avoided, and a potential function argument ensures convergence towards
Wardrop equilibria. Thus, we achieve essentially the same convergence rates as in
the setting with an in�nite number of agents and keep the computation time of
one communication round polynomial. Altogether, we can compute approximate
Wardrop equilibria in polynomial time.

1.1 Related Work

The game theoretic tra�c model considered in this paper was introduced by
Wardrop [19]. Many aspects of Wardrop equilibria have been studied, the most
prominent being the degradation of performance due to the sel�sh behaviour,
called the price of anarchy [18] as well as the inverse, the increase of the maximum
latency incurred to an agent due to optimal routing [17]. It has also been shown
that the price of anarchy can be decreased by imposing taxes on the edges [9,
14]. Cominetti etal. consider the price of anarchy in a model with �nitely many
agents aiming at minimising their average latency [10].

For solving the corresponding classical goal of �nding a minimum cost multi-
commodity 
ow, several algorithms are known. For an overview see, e. g., [1]
and [7]. An e�cient distributed steepest-descent algorithm for solving multi-
commodity 
ow problems with linear latency functions has been presented re-
cently in [3]. In [2], a stateless algorithm for this problem is presented.

It is also known that the problems of �nding an optimal alloca tion and �nd-
ing a Wardrop equilibrium are essentially equivalent. Under mild conditions on
the latency functions, a 
ow at Wardrop equilibrium with res pect to so-called
marginal-cost latency functions is optimal with respect to the original latency
functions, see e. g. [5] and [18].

Several authors (e. g. [4, 8]) consider dynamic routing froman online-learning
perspective. Awerbuch and Kleinberg [4] present an algorithm for the online
shortest path problem in an end-to-end feedback model. Blumetal. [8] show
that approximate Wardrop equilibria de�ned in a similar way can be attained
if the agents follow no-regret algorithms. Their bounds on the convergence time
depend polynomially on the regret bounds and network size and depend pseu-
dopolynomially on the maximum slope of the latency functions.

The problem of load-balancing has also been studied in various discrete set-
tings for networks of parallel links. For the case of identical links, both sequen-
tial [15] and concurrent distributed algorithms were considered [6]. Even-Dar et
al. [11] consider distributed algorithms for load balancing on links with speeds
using sampling rules which depend pseudopolynomially on the speed of the links.

The rerouting policy upon which our algorithms are based wasintroduced
in [13] and [12]. It was shown that an in�nite number of agents executing this
policy can attain a Wardrop equilibrium quickly in a concurr ent setting.



2 Model and Problem Statement

2.1 Wardrop's Tra�c Model

We consider Wardrop's tra�c model originally introduced in [19]. We are given
a graph G = ( V; E) with non-decreasing di�erentiable latency functions `e :
R� 0 ! R� 0. Furthermore, we are given a set of commodities [k] = f 1; : : : ; kg
speci�ed by source-sink-pairs (si ; t i ) 2 V � V , a directed acyclic subgraphGi

of G connecting si and t i and 
ow demands r i 2 R� 0. The total demand is
r =

P
i 2 [k ] r i , and we normaliser = 1 for simplicity. Let Pi denote the admissible

paths of commodity i , i. e., all paths connecting si and t i in Gi , and let P =S
i 2 [k ] Pi . We may assume that the setsPi are disjoint and de�ne i P to be the

unique commodity to which path P belongs.
A non-negative path 
ow vector ( f P )P 2P is feasible if it satis�es the 
ow

demands
P

P 2P i
f P = r i for all i 2 [k]. We denote the set of all feasible


ow vectors by F . A path 
ow vector ( f P )P 2P induces an edge 
ow vector
f = ( f e;i )e2 E;i 2 [k ] with f e;i =

P
P 2P i :e2 P f P . The total 
ow on edge e is

f e =
P

i 2 [k ] f e;i . Furthermore, for v 2 V and i 2 [k], the total 
ow of com-
modity i through node v is f v;i =

P
(u;v )2 E f (u;v ) ;i =

P
(v;w )2 E f (v;w ) ;i for

v =2 f si ; t i g and f si ;i = f t i ;i = r i . The latency of an edgee 2 E is given
by `e(f e) and the latency of a path P is given by the sum of the edge laten-
cies `P (f ) =

P
e2 P `e(f e). Finally, the weighted average latency of commodity

i 2 [k] is given by L i (f ) =
P

e2 E `e(f ) � (f e;i =ri ) and the overall average latency
is L (f ) =

P
e2 E `e(f ) � f e=r. We drop the argument f of `(�) and L(�) whenever

it is clear from the context.
A 
ow vector in this model is considered stable when no fraction of the 
ow

can improve its sustained latency by moving unilaterally to another path. This
implies that all used paths must have the same minimal latency. Unused paths
may have larger latency.

De�nition 1 (Wardrop equilibrium). A feasible 
ow vector f is at Wardrop
equilibrium if for every commodity i 2 [k] and pathsP1; P2 2 P i with f P1 > 0 it
holds that `P1 (f ) � `P2 (f ).

It is well-known that Wardrop equilibria are exactly those a llocations that min-
imise the following potential function introduced in [5]:

� (f ) =
X

e2 E

Z f e

0
`e(u) du :

This potential precisely absorbs progress: If an in�nitesimal amount of 
ow dx is
shifted from path `P to `Q , thus improving its latency by ( `P � `Q ), the potential
decreases by (̀P � `Q ) dx. We will make use of this fact frequently. The minimum
potential is denoted by � � = min f 2F � (f ). Every 
ow vector f with � (f ) = � �

is then at Wardrop equilibrium. We assume that � � is positive. The case that
� � = 0 can be treated by adding virtual o�sets to the latency func tions. For a
detailed treatment see [12].



Let us remark, that the problems of computing a Wardrop equilibrium and
computing a 
ow minimising L are equivalent. It is su�cient to replace the
latency functions `e by so-called marginal-cost latency functions he(x) = ( x �
`e(x))0 = `e(x) + x � `0

e(x). If for all e 2 E, x � `e(x) is convex, then Wardrop
equilibria with respect to ( he)e2 E minimise L [5, 18].

The algorithms presented in this paper will compute approximate equilibria
in the following bicriterial sense.

De�nition 2 ( � -� -equilibrium). Consider a 
ow vector f and let P �
i = f P 2

Pi j `P (f ) > L i (f ) + � L (f )g denote the set of � -expensivepaths. A 
ow vector
is at a � -� -equilibrium if

P
i 2 [k ]

P
P 2P �

i
f P � � .

This de�nition of approximate Wardrop equilibria requires that almost all 
ow
utilises paths with a latency that is close to the average of their own commodity.
A similar de�nition of approximate Nash equilibria is used, e. g., in [8].

2.2 Elasticity of Latency Functions

Our algorithms take the steepness of the latency functions into account when
deciding how much 
ow to shift from one path to another. In [12] it was shown
that the critical parameter in this setting is not the slope but the elasticity.

De�nition 3. For any positive di�erentiable function ` : R� 0 ! R� 0, the elas-

ticity of ` at x is d(x) = x �` 0(x )
` (x ) .

In other words, the elasticity of a function is bounded from above by d if the
(absolute) slope at any point is at most by a factor of d larger than the slope
of the line connecting the origin and the point (x; ` (x)). Note that a polynomial
with positive coe�cients and degree d has elasticity at most d, hence, elasticity
can be considered as a generalisation of the degree of such a polynomial. The
function a � exp(� x ), x 2 [0; 1] has maximum elasticity � .

2.3 Implicit Path Decomposition

Wardrop equilibria are de�ned with respect to path 
ows. Our algorithms, how-
ever, will make use only of the edge 
ow vectors, which do not determine a vector
of path 
ows uniquely. However, in a DAG, an edge 
ow vector (f e)e2 E induces
a natural vector of path 
ows by starting with the 
ow injecte d at the source,
and splitting the 
ow at each node v such that the set of paths containing the
outgoing edgee receives a 
ow proportional to f e. Since the decomposition for
one commodity i 2 [k] is independent of the 
ow of other commodities, we can
omit the index i for simplicity.

De�nition 4. Consider any edge 
ow vector(f e)e2 E (for some commodity i ).
For any path P = ( v1; : : : ; vl ) let

~f P = f v1 �
l � 1Y

j =1

f (v j ;v j +1 )

f v j

:



It is easily veri�ed by induction on the distance from the source that this is
actually a valid 
ow decomposition of ( f e)e2 E , i. e., f e =

P
P 3 e

~f P .

2.4 Distributed Computation Model

Our algorithms operate in the following setting. Agents operate in a synchronous,
round-based fashion. We assume that there is a billboard viawhich the agents
are able to share information. On this billboard, each agentcan observe the edge

ows of its own commodity and the latency values of the paths it uses. Agents
know an upper boundd on the elasticity of the latency functions, but they do not
know the latency functions themselves. However, it is easily possible to extend
our algorithm such that it does not rely on the knowledge of a bound on the
elasticity.

In every round an agent can update the edge 
ows of its own commodity on
the billboard. These updates become visible to all agents only in the next round.
All agents execute the same algorithm in parallel. Therefore, in the descriptions
of our algorithms, we may omit the index for the commodity, i. e., f e refers to
the 
ow f e;i of commodity i on edgee.

3 A Pseudopolynomial Algorithm

Our �rst approach works by simulating the replication polic y presented in [12].
We will see that this can be done in polynomial time although this policy operates
on an exponential number of paths.

3.1 The Replication Policy

Let us start by introducing the replication policy formally . We consider an in�nite
population of agents each of which controls an in�nitesimalamount of 
ow which
it assigns to a path. In each round agents may migrate their 
ow from the current
path to another one. Consider an agent in commodityi 2 [k] currently using
path P 2 P i . Whenever activated, it performs two steps.

1. Sampling. Sample another pathQ where the probability to sample any path
Q0 equalsf Q0=ri .

2. Migration. There are two cases:
(a) `Q � `P . In this case, the agent stays with its old path.
(b) `Q < ` P . The agent migrates to the sampled pathQ with probability

� � (`P � `Q ) for some constant� > 0 to be determined later.

Altogether, we can characterise our policy by specifying the rate of agents mi-
grating from one path P 2 P i to another path Q 2 P i with `Q (f ) < ` P (f ) within
one round. This rate can be obtained by multiplying the probabilities specie�ed
in steps (1) and (2) with the volume of agents using pathP. For this rate we
obtain

� P Q = � � f P �
f Q

r i
� (`P � `Q )



if `Q < ` P and � P Q = 0 otherwise. Thus, we can compute a sequence of 
ow
vectors (f P (t))P 2P generated by this policy by summing over all pathsQ:

f P (t + 1) = f P (t) +
X

Q2P i

� QP �
X

Q2P i

� P Q

= f P (t) + � f P

X

Q2P i

f Q

r i
(`Q � `P )

= f P (t) + � f P (L i � `P ) : (1)

3.2 Convergence Towards Equilibria

For the time being assume that agents are migrating in a continuous fashion as
described by the above rules. Then, an in�nitesimal amount of 
ow dx migrating
from a path P to another path Q improving its latency from `P to `Q causes
the potential � to reduce by (̀ P � `Q ) dx. Since we only accept migrations that
improve the latency, this implies that the potential always decreases which in
turn implies convergence towards a Wardrop equilibrium by Lyapunov's direct
method if all paths are used in the initial 
ow. However, in our concurrent round-
based model, 
ow is not shifted continuously, but in �nite ch unks. Thus, if these
chunks are chosen too large, overshooting and oscillation e�ects may occur. This
issue can be resolved by choosing the migration rate in step 2b of the replication
policy carefully. In [13] it was shown that if we choose� = � (1=`0

max ) small
enough with

`0
max = max

P 2P
max
f 2F

X

e2 P

`0
e(f ) ;

convergence towards Wardrop equilibria can be guaranteed.We may assume that
`0

max > 0 since otherwise all latency functions are constant and ourproblem can
be solved trivially by assigning the entire 
ow to the path wi th lowest latency.

Theorem 1 ([13, 12]). If � = � (1=`0
max ) su�ciently small, the replication pol-

icy given by Equation (1) with initial 
ow f (0) = f 0 converges towards a War-
drop equilibrium if f 0

P > 0 for all P 2 P . Furthermore, the number of rounds in
which the 
ow is not at a � -� -equilibrium is

O
�

1
� 2 � 2 �

`0
max

`min
� ln

�
� (f 0)

� �

��
:

One may observe that the ratio between maximum slope and minimum la-
tency used in this theorem depends on the scale by which we measure 
ow. This
scale, however, is �xed since we have normalised the total 
ow demand to be
r = 1.

3.3 Simulating the Replication Policy

By a naive application of Theorem 1 we can compute a sequence of 
ow vectors
(f (t)) t � 0 according to Equation (1) to obtain approximate Wardrop equilibria.



However, this approach is rendered computationally intractable by the fact that
there may be an exponential number of variablesf P .

In the following, we describe an algorithm that computes theiterative change
rates of the edge 
ows according to the implicit 
ow decomposition ~f described
in the preceding section. To that end, we show that the changerates of the edge

ows f e can be expressed solely in terms of edge 
ows and edge latencies (i. e.,
without explicit reference to the f P variables). It su�ces to know the weighted
average latencies of all paths containinge de�ned as

L e =
X

P 3 e

f P

f e
� `P

Recall that we have �xed a commodity here, so we may drop the index i .

Lemma 1. Consider an edge 
ow vector(f e(t))e2 E and its path decomposition
~f (t), and let ~f (t +1) denote the 
ow generated by the replication policy in Equa-
tion (1) from ~f (t). Finally, let f e(t + 1) =

P
P 3 e

~f P (t + 1) . Then,

f e(t + 1) = f e(t) + � � f e � (L � L e) :

Proof. Let f = f (t) and f 0 = f (t + 1). By de�nition of f e,

f 0
e � f e =

X

P 3 e

f 0
P � f P = � �

X

P 3 e

f P � (L � `P ) = � � f e �
�

L �

P
P 3 e f P `P

f e

�
;

where the last term equalsL e. ut

In order to obtain the value of L e, we implicitly compute the path decompo-
sition ~f , i. e., for every edgee0 we compute the 
ow caused by paths containing
e on edgee0. This is done by Algorithm SimulatedReplication (Algorithm 1)
in time O (m) for every edgee 2 E. Since there arem edges, each iteration can
be performed in time O

�
m2

�
.

Algorithm 1 SimulatedReplication() (executed by all commodities in par-
allel; (f e)e2 E denotes the edge 
ows vector of commodityi )
1: for all edgese 2 E do
2: sort all edges (v; w) in the subgraph reachable from e topologically
3: compute total 
ow of all paths containing e and (v; w) ~f ( v;w )

e =
P

( u;v ) 2 E
~f ( u;v )
e �

f ( v;w )
f v

4: reverse all edges and repeat steps 2 and 3 for edges betweene and s

5: compute L e =
P

e0
f e0

e
f e

`e0

6: f 0
e  f e + � � f e � (L � L e) with � = 1 =`0

max

7: end for
8: replace (f e)e2 E on the billboard with ( f 0

e)e2 E



Corollary 1. The sequence of 
ow vectors computed by AlgorithmSimulat-
edReplication converges towards the set of Wardrop equilibria. Furthermore,
the number of rounds in which the 
ow is not at a � -� -equilibrium with respect
to ~f , is bounded by

O
�

1
� 2 � 2 �

`0
max

`min
� ln

�
� (f 0)

� �

�
;
�

where f 0 is the initial 
ow vector. Each iteration takes time O
�
m2

�
.

Proof. Lemma 1 implies that the edge 
ow vector computed by the algorithm
equals the edge 
ow vector obtained by applying the replication policy given by
Equation (1) to the path decomposition ( ~f )P 2P . Combining this with the upper
bounds on the convergence time given in [12], the claim follows. ut

4 The Polynomial Time Algorithm

The migration probability speci�ed for step 2b of the replic ation policy can get
very small since the latency di�erence`P � `Q may become small in relation to�
if � is chosen constant. This causes the algorithm to obtain onlya pseudopolyno-
mial convergence time depending on the maximum slope of the latency functions.
In this section we present an approach that gets rid of this dependence.

To this end, we choose the amount of 
ow removed from a path proportional
to its relative deviation (`P � L i P )=`P from the average and the reciprocal of the
elasticity d to obtain a polynomial number of communication rounds. Whereas in
the preceding section the amount of 
ow removed or added to a path within one
round could be expressed in a nice closed form as� � f P � (L � `P ) (Equation (1)),
this is now no longer possible.

To compute 
ow updates in polynomial time we use a randomised
ow de-
composition. First we sample a path at random according to the implicit path
decomposition ~f , i. e., the probability to sample path P is ~f P =ri P . Since the
length of a path is bounded byn this is possible in time n logn by representing
adjacent nodes and their 
ows in a binary tree. Now, the path is assigned a
certain 
ow volume f P . For the time being, assume that we assign the entire
bottleneck 
ow to P. Then, if P has latency aboveL i P , we remove a portion of

x = �
�

f P �
`P � L i P

d `P

�

of its 
ow and distribute it proportionally among all admiss ible paths, i. e., after
removing a 
ow of x from path P, the 
ow on every edgee 2 E is increased by
(f e;i =ri ) � x.

Why does this process decrease the potential quickly? As long as we are not
at a � -� -equilibrium, the probability of sampling a � -expensive path is at least� .
In this case, the latency gain and thus the potential gainper 
ow unit will be
large and proportional to ~f P . If we sample only a single path, we may in fact



assign the entire bottleneck 
ow to it. We can lower bound the probability that
this bottleneck 
ow is not too small (Lemma 2). To increase the potential gain
we repeat this process several times. Doing this, we can no longer assign the
entire bottleneck to a path since it may happen that an edge issampled several
times. Hence, we assign at most a� (1=logm) fraction of the bottleneck while
at the same time samplingT = m logm paths rather than only a single one. It
thus becomes unlikely that an edge becomes empty along the way if its 
ow is
O (1=m). In order to achieve the same result for edges with larger 
ow, we limit
the amount of 
ow consumed in one step toO (1=(m logm)). More precisely, let

� e = min
�

1
7m logm

;
f e

7 logm

�
:

We start with an empty decomposition. In a round in which path P is sampled
we increasef P by � e� where e� is a bottleneck edge inP. We say that an edge
is alive if the overall 
ow assigned to paths containing e is at most f e � � e (i. e.
it can be sampled one more time without having our decomposition exceeding
the 
ow of e). Our algorithm terminates as soon as there are any edges that
are not alive. The �nal algorithm RandomisedBalancing( d) is described in
Algorithm 2.

Under the assumption that the latency functions are constant, we can thus
show that the potential decreases in every round by a factor that only depends
on � and � , and the elasticity d (Lemma 5). We furthermore show that due to
our careful migration rate the potential gain with respect t o the true latency
functions is still at least half of the potential gain with re spect to constant
latencies (Lemma 4). Finally, we show that the expected potential gain implies
a bound on the time to reach a minimum potential (Lemma 6). Alt ogether, this
yields the following upper bound for our algorithm.

Theorem 2. The sequence of 
ow vectors computed by AlgorithmRandom-
isedBalancing converges towards the set of Wardrop equilibria. Furthermore,
the expected number of rounds in which the 
ow is not at a� -� -equilibrium with
respect to ~f , is bounded by

O
�

d
� 3 � 2 log

�
� (f 0)

� �

��
;

if d is an upper bound on the elasticity of the latency functions.The computation
time of each round is bounded byO (n logn � m logm).

We present the proof after establishing the necessary lemmas.
Note that our algorithm can be easily modi�ed for the case that the elasticity

of the latency functions is not known to the algorithm in advance.

4.1 Randomised Decomposition

Our algorithm generates a randomised 
ow decomposition using a sampling pro-
cess based on~f . In this section, we lower bound the probability that the bot tle-
neck 
ows of the sampled paths are not too small. Furthermore, we show that
the 
ow removed from every edge is at mostf e with high probability.



Algorithm 2 RandomisedBalancing( d) (executed by all commodities in par-
allel; (f e)e2 E denotes the edge 
ows vector of commodityi )
1: for T = m log m times do
2: sample a path P where P [P ] =

~f P
r i

3: let e� denote the bottleneck edge of P ; let f P = � e�

4: if `P > L i then
5: reduce the 
ow on all edges e 2 P by �f P = f P � ` P � L i

4 d ` P
6: if for any e 2 P , e is not alive then
7: abort loop and continue in line 11
8: end if
9: end if

10: end for
11: increase the 
ow on all edgese 2 E proportionally by f e

r i
�
P

P 2P i
�f P

Lemma 2. Consider a 
ow vector f of volume 1 and a set of pathsP� withP
P 2P �

~f P = � . Then, PP � ~f

�
P 2 P � ^ mine2 P f e � �

2 m

�
� �

2 .

Proof. We consider a scaled 
ow vector which supports only paths inP� .

f 0
P =

� ~f P
� P 2 P �

0 P =2 P � :

Observe that the total volume of f 0 is 1 again, hencePP � f 0 [P = Q] = PP � ~f [P = Q j P 2 P � ].
Now,

PP � ~f

�
P 2 P � ^ min

e2 P
f e �

�
2m

�
= PP � ~f [P 2 P � ] � PP � ~f

�
min
e2 P

f 0
e �

1
2m

j P 2 P �

�

= � � PP � f 0

�
min
e2 P

f 0
e �

1
2m

�
�

�
2

; (2)

where the �rst equality uses the de�nition of f 0 and the second one uses the
above observation.

Now, let d(x; y) denote the number of edges of a shortest path connecting
x and y. We can show that P [e = ( v; w) 2 P] = f e by induction on d(s; v).
This holds for d(s; v) = 0 by de�nition of ~f . Now, assume that the statement
holds for all edges (u; v) with d(s; u) = k and consider an edgee = ( v; w) with
d(s; v) = k + 1.

P [e 2 P] = P [v 2 P] � P [e 2 P j v 2 P] =
X

(u;v )

P [(u; v) 2 P] �
f e

f v

=
X

(u;v )

f (u;v ) �
f e

f v
= f e :

With E 0 = f e 2 E j f e � 1=(2 m)g,

P [P 3 e : e 2 E 0] �
X

e2 E 0

P [e 2 P] �
X

e2 E 0

f e �
jE 0j
2m

�
1
2

:



Substituting this into Equation (2) yields our desired bound. ut

We now consider a sequence ofT = m logm rounds. Observe that � e is an
upper bound on the 
ow removed from a path containing e by our algorithm,
since for the bottleneck edgee� , � e� = min e2 P f � eg. The 
ow on e may decrease
to below zero only if it is contained in the sampled path at least f e=� e times.
In the following we show that this is unlikely.

Lemma 3. With probability 1� o(1), after a sequence ofT = m logm iterations,
all edges are still alive.

Proof. In the proof of Lemma 2 we have seen that the probability to hit edgee
in one round equalsf e. Let the random variable X denote the number of hits in
T rounds. We haveE [X ] = T f e. An edge is alive if X � f e=� e � 1. There are
two cases:

1. f e < 1
m implying � e = f e=(7 logm). Then,

P
�
X >

f e

� e
� 1

�
= P

�
X > E [X ] �

�
7

f e m
�

1
T f e

��

� P
�
X > E [X ] �

�
6

f e m

��

� 2� E[X ]� 6
f e m = m� 6 :

The �rst inequality is the de�nition of T and � e and uses our assumption
that f e � m < 1, and the second inequality is Cherno�'s inequality (which
asserts that P [X � r � E [X ]] � 2� r �E[X ] for r � 6 for a random variable X
that is the sum of 0-1 random variables, see [16]).

2. f e � 1
m implying � e = 1 =(7 T). This case can be treated similarly.

In both cases, the probability that edgee is not alive at the end of a sequence of
T iterations is bounded by m� 6. Using a union bound, the probability that at
least one edge does not survive is at mostm� 5 and consequently the probability
that all edges survive the sequence is at least 1� m� 5. ut

4.2 Lower Bounding the Potential Gain

We use a potential function argument to prove convergence. In order to show
that our algorithm avoids oscillations, we consider the potential gain achieved
within one round. We show that this potential gain is at least half of the potential
gain that would occur if latencies values were �xed at the beginning of a round.
A second lemma shows that, in expectation, the potential decreases by a factor
in every round, as long as we are not yet at an approximate equilibrium.

Lemma 4. Let d denote an upper bound on the elasticity of the latency func-
tions. For a 
ow vector f consider a 
ow vector f 0 generated by AlgorithmRan-
domisedBalancing( d) (Algorithm 2) with positive probability. For any P 2 P
let �f P denote the amount of 
ow removed from pathP. Then, � (f ) � � (f 0) �
1
2 �

P
P 2P (`P (f ) � L i P ) � �f P .



Due to space limitations, we defer the proof to the full version.

Lemma 5. Assume that f is a 
ow that is not at � -� -equilibrium and let the
random variable f 0 denote a 
ow generated by our algorithm. Then,E [� (f 0)] �

� (f ) �
�

1 � 

�

� 3 � 2

d

��
.

Proof. For the time being, assume that the latency functions are constant. By
Markov's inequality, the total volume of 
ow in commodities with L i > 2� L=� is
at most �=2. We consider only commodities withL i � 2 � L=� . In total, at least
a 
ow volume of � utilises � -expensive paths and there is still at least a volume
of �=2 left in the commodities we consider. Consider such a commodity i 2 [k]
and denote the 
ow volume using � -expensive paths in this commodity by � i .

Consider any iteration satisfying the precondition that al l edges are alive. Let
P denote the path sampled by the algorithm. By Lemma 2, the probability that
`P � L i + � L and the minimum edge 
ow along P is at least � i =(2 m) is at least
� i =(2 r i ) (we have to scale the 
ow of this commodity by a factor 1=ri to make
it a unit 
ow). The amount of 
ow removed from this path by our a lgorithm is

� i

2m
�

1
7 logm

�
`P � L i

4d `P
�

� i � �
113d m logm

where we have used that̀ P � L i + � L and L i � 2L=� . The latency gain of this
path is then at least � L and since this event happens with probability � i =(2 r i )
the expected virtual potential gain of such a path is then at least

� 2
i � � 2

226d r i m logm
L :

By Lemma 3 the probability that in this iteration all edges ar e alive is 1� o(1)
and the expected potential gain computed above is independent of this event.
Summing up over all T = m logm iterations and all commodities, the total
expected virtual potential gain of one round is at least

(1 � o(1)) �
X

i 2 [k ]

� 2
i � � 2

226d r i
L � (1 � o(1)) �

� 3� 2

226d
L :

For the last inequality we have used the Cauchy-Schwarz Inequality which asserts
that for two vectors ( ai ) and (bi ),

P
i a2

i � (
P

i ai bi )2=
P

b2
i . Using ai = � i =

p
r i

and bi =
p

r i yields the result. This implies the claim sinceL is an upper bound
on � and Lemma 4 ensures that the true potential gain with respectto the
real latency functions is at least half of the potential gain with respect to the
constant latency functions. ut

4.3 From Expected Potential Gain to Expected Stopping Time

The preceding section has shown that in every round the potential decreases by
a factor in expectation. Intuitively, this implies an expected running time that
is logarithmic in this factor and the initial values. This in tuition is made precise
by the following lemma.



Lemma 6. Let X 0; X 1; : : : denote a sequence of non-negative random variables
and assume that for alli � 0 E [X i j X i � 1 = x i � 1] � x i � 1 � � for some constant
� 2 (0; 1). Furthermore, �x some constant x � 2 (0; x0] and let � be the random
variable that describes the smallestt such that X t � x � . Then, E [� j X 0 = x0] �

2
log(1 =� ) � log

� x 0
x �

�
.

We defer the proof to the full version. Finally, we can proof our main result.

Proof (Proof of Theorem 2). Let f 0; f 1; : : : denote a sequence of 
ow vectors
generated by Algorithm 2. Lemma 5 implies that

E [� (f t +1 ) j � (f t ) = � ] � � �
�

1 � 

�

� 3 � 2

d

��
:

Thus, the sequence (� (f t )) t � 0 satis�es the conditions of Lemma 6 and the
expected time until � (f t ) reaches its minimum � � implying that f t is a � -� -
equilibrium is

2

log
� �

1 � 

�

� 3 � 2

d

�� � 1
� log

�
� (f 0)

� �

�
= O

�
d

� 3 � 2 log
�

� (f 0)
� �

��
;

our desired bound.
One path can be sampled in timeO (n logn), the bottleneck edge can be

found in time O (n), and the 
ow update can be computed in time O (n). Al-
together, at most T = m logm iterations have to be computed. Finally, the
removed 
ow can be reinserted in timeO (n). ut

5 Open Problems

Our algorithm works by redistributing 
ow of overloaded pat hs. To identify such
paths we face the subproblem of �nding a 
ow decomposition that assigns much

ow to paths with high latency. In our algorithm we have used a randomised path
decomposition to achieve this goal. It is not obvious whether this randomisation
can be avoided, and, in fact, naive deterministic approaches like longest path
�rst decompositions fail.

In the long run, our algorithm converges towards the set of Wardrop equi-
libria. A weakness of our notion of approximate equilibria, however, is the fact
that the average latency may be arbitrarily far away from the minimum latency.
As an alternative, one could also consider deviations from the minimum latency
rather than from the average latency. It is unclear whether convergence towards
approximate equilibria in this sense can be guaranteed in polynomial time. Fur-
thermore, it would be desirable to design specialised (not necessarily distributed)
algorithms to compute (exact) Wardrop equilibria that impr ove upon the stan-
dard solution via convex programming.
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